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Parallel Heuristic Search in
Haskell
MichelleCope,IanGent1 andKevin Hammond1

Abstract: Parallelheuristicsearchalgorithmsarewidelyusedin artificial intelli-
gence. This paperdescribesnovel parallel variantsof two standardsequential
searchalgorithms,thestandardDavis Putnamalgorithm(DP);andthesamealgo-
rithm extendedwith conflict-directedbackjumping(CBJ).Encouragingprelimi-
naryresultsfor theGpHparalleldialectof thenon-strictfunctionalprogramming
languageHaskell suggestthatmodestrealspeedupcanbeachievedfor themost
interestinghardsearchcases.

6.1 INTRODUCTION

Theaimof thiswork is to investigateparallelimplementationsof heuristicsearch
algorithms. The algorithmsusedarebasedon the Davis Putnamalgorithm [7,
6, 12] optionally extendedwith conflict-directedbackjumping(CBJ) [21, 2, 3].
A typical applicationof thesealgorithmsis to solve propositionalsatisfiability
(SAT) problems.SAT is extremelyvaluableto artificial intelligencebecauseof
its directrelationshipwith deductivereasoning.Many otherproblemsin artificial
intelligencecanbeencodedin SAT, includingdefaultreasoning,diagnosis,image
interpretation[22] andconstraintsatisfaction (CSP)problems. SAT is thus re-
gardedasfundamentalto solvingmany artificial intelligenceproblemsandmuch
effort hasbeenspentin developingefficientalgorithmsto solveSAT-relatedprob-
lems(e.g.[29]).

In orderto solveaSAT problem,theDavis Putnamalgorithmattemptsto gen-
erateasetof assignmentsto thefreevariables(or literals) of theinputproposition
underwhich that propositionis true. The conflict-directedbackjumping(CBJ)
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algorithmadditionallygeneratesconflict setscomprisingassignmentsto subsets
of thoseliterals underwhich the propositionmustbe false. Theseconflict sets
areusedto prunethesearchspaceby eliminatingareaswhereprior information
showsthattherecanbenosolution.Clearly, bothalgorithmsarepotentiallyhighly
parallelin thatdifferentsetsof assignmentsmaybesearchedindependently. Use
of conflict setsand other techniquesaimedat optimising the sequentialalgo-
rithms,suchasshareddatastructures,may, however, introduceeitheraccidental
or essentialsequentialdependencies.This is especiallyso in the caseof CBJ,
becausethesetof assignmentsto be searchedin onebranchmaydependon the
conflict setreturnedfrom another. In its normalpresentationCBJ is thusessen-
tially sequential.

Ratherthanaimingfor anoptimalsequentialalgorithm,asis usualin the lit-
erature,we ratheraim to find an algorithm that is amenableto parallel imple-
mentation,even if it is sequentiallysub-optimal. All the algorithmsdescribed
herewerecodedin Haskell [20], which allows rapid prototypingof parallelso-
lutions usingthe GpH (Glasgow parallelHaskell) dialect[25]. Developmentof
parallelalgorithmsis supportedby theHasPar [16] suiteof performancemonitor-
ing tools,which incorporatestheGranSimsimulator[15] plusgoodperformance
visualisationtools.Bothsequentialandparallelalgorithmsaredescribedin detail
in Section6.2.

Eachof the algorithmswas run on a numberof artificially generatedSAT
instancesusinga randomgeneratorbasedon the fixed-clausallengthmodel[9],
andtakingspecificinstancesof searchproblemsfrom theDIMACSdatabase[8],
asdescribedin Section6.3.

6.2 HEURISTIC SEARCH ALGORITHMS FOR SAT

All the algorithmsintroducedherehave a similar structure: they eachassessa
set of clausesto determinethe existenceor absenceof a satisfyingset of lit-
eral assignments.The input clausalset is in conjunctivenormal form (CNF): a
conjunctionof clauseswhereeachclauseis a disjunctionof literals. Assuming
propositionallogic, aclausalsetis satisfiableif at leastoneliteral in everyclause
is assignedto true, whereuponthevalueof eachclauseis alsotrue. For example,�
x � y ��� � x � z� is satisfiableunderthetwo setsof literal assignments� x � true 	

and � y � true
 z � true 	 .

6.2.1 The Davis-PutnamAlgorithm (DP)

Most solutionstrategiesfor SAT canbeclassifiedeitherasstochasticor system-
atic. Stochasticor local search algorithms,suchasWSAT [24] or GSAT [23],
exploreasearchspacerandomlyby makinglocalalterationsto aworkingassign-
mentwithout memoryof pastassignmentattempts.Thesealgorithmsareincom-
plete: they arenot guaranteedto find a solution if oneexists, and thuscannot
declarethat an instanceis insolubleif they do not find a solution. Reviews of
stochasticalgorithmscanbefoundin [11, 10].
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procedureDP(Σ)

(Sat) if Σ ����
then return satisfiable

(Empty) if Σ containsanemptyclause
then return unsatisfiable

(Tautology) if Σ containsa tautologousclause,c
then return DP(Σ -

�
c� )

(Unit propagation) if Σ containsa unit clause,� l �
then return DP(Σ simplifiedby assigningl to true)

(Literal deletion) if Σ containsa literal l but not � l (thenegationof l )
then return DP(Σ simplifiedby assigningl to true)

(Split) if DP(Σ simplifiedby assigningliteral, l , to true) is satisfiable
then return satisfiable
elsereturn DP(Σ simplifiedby assigning� l to true)

FIGURE 6.1. The Davis-Putnam-Logemann-Loveland Algorithm, often called
Davis-Putnam

Systematicor global search algorithmstraversethe entiresearchspacesys-
tematicallycheckingall possibletruth assignmentsfor a given formula. They
are completegiven sufficient executiontime, they will eitherfind a solution if
oneexists or elsewill reporta failure. The mostpopularsystematicalgorithms
for SAT are variantsof the Davis Putnamalgorithm (DP), e.g. Tableau[5] or
POSIT[10].

TheoriginalDavis Putnamalgorithmusesavariableeliminationor resolution
rule which replacesthe initial problemwith a sub-problemthat is usuallylarger
andwhich, in general,requiresexponentialspaceto solve[7]. A laterversiondue
to to Davis, LogemannandLovelandreplacestheresolutionrule with a splitting
rulethatrefinestheoriginalprobleminto two smallersub-problems[6]. Thelatter
algorithmis shown in Figure6.1. Thetwo versionsareoftenconfused.Thelater
version(theoneusedhere)is oftenreferredto without qualificationastheDavis
Putnamalgorithm.

6.2.2 ClausalSetData Structur e

Theinputclausesarestructuredasalist of pairs,wherethefirstelementrepresents
a list of literalsandthesecondis a clausalflag: ([Literal],Cflag) . Eachliteral is
an (Int,LFlag) pair, wherethe integer identifiesthe literal andtheflag indicates
its value.

type ClausalSet = [Clause]
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type Clause = ([Literal], CFlag)

type Literal = (Int, LFlag)

A literal mayhave oneof threeLflag values:true; false– theliteral hasbeen
removedasaresultof unit subsumption(Section6.2.3);or indetermined– avalue
is yet to beassigned.

Theclausalflag indicatesthe stateor valueof theentireclause:subsumed–
at leastoneliteral in theclauseis true andthustheentireclauseis true; empty–
all literal valuesare false, indicating that the clausalset is unsatisfiableunder
somesetof literal assignments;or unsubsumed– the clausalvalueis yet to be
determined.

data LFlag = LTrue | LFalse | Indetermined

data CFlag = Unsubsumed | Subsumed | Empty

Theuseof flagsmaintainsall relevant informationin a singledatastructure:
theclausalset. An input clausalsethasall clausesinitially unsubsumedandthe
valueof all literalsareindetermined.All solutions,bothsequentialandparallel,
manipulatethelist of inputclauses.Onsearchcompletion,eachsolutionreturnsa
triple comprisinganindicationof whethertheinitial clausalsetis satisfiable,the
setof satisfyingliteral assignmentsif oneexists,andthenumberof nodesvisited
(aperformancemetric).CBJ-basedalgorithmswill alsoreturna conflict set.

type SearchResult = (Boolean, Output_clausal_list, No_nodes)

6.2.3 Implementationsof Davis-Putnam(DP)

SequentialDavis-Putnam(DP-Sequential)

Our implementationof DP-Sequentialis basedon the standardDavis Putnam
algorithm[6] asshown in Figure6.1, but excluding the tautologyandpure lit-
eral deletionrules, in accordancewith commonpractice. The clausalset will
meettherequirementsfor preciselyoneof thefollowing rules.

� Empty Clausal Set: If all clauseflagsaresubsumedthenthe clausalset is
satisfiable.

� Empty Clause: If thevalueof any clauseflag is emptythenthesetis unsatis-
fiable.

� Unit propagation Rule: Any unsubsumedclausewith only oneremaining
literal is indeterminedis aunit clause. Thesingleliteral, l , in theunit clauseis
assignedto trueandtheclausalsetis changedaccordinglyusingsubsumption
andresolutionasfollows.

– SubsumptionsetstheCFlag to subsumedfor all unsubsumedclauseswhich
have l asamember.
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– Resolutionidentifiesthoseunsubsumedclauseswhich have the negation
of l ( � l ) as a member. The value of � l is changedto removed. Any
clausewith all literalseffectively removedis denotedasemptyotherwise
its clausalflag remainsunaltered.

Theimplementationof unit propagationneedonly identify thefirst unit clause
in the list. Owing to the order in which the rulesare implementedand the
recursive natureof thealgorithmall unit clausesareevaluatedbeforetheuse
of thesplitting rule.

� Splitting Rule: In thegeneralcase,whennootherruleapplies,searchcontin-
uesbychoosingaliteral, l , accordingto someorderingheuristic.Theheuristic
we have implementedselectsthe first indeterminedliteral in theshortestun-
subsumedclause.Thesearchthencontinuesby first findingany solutionswith
l setto true andthenfinding thosewith � l setto false. After both branches
have completed,the clausalset is thenconstructedappropriatelyusingsub-
sumptionandresolution.

Parallel DavisPutnam(DP-parallel)

A major influenceon the often largesearchtimesin DP-sequentialis the useof
left recursionin the splitting rule. The GpH par operator[17] canbe usedto
indicateparallelevaluationof bothleft andright brancheswhenthesplitting rule
is applied. DP-Parallel speculatesthat the searchspaceson all right branches
contribute to all solutions. Although, this näıve form of speculationdoesnot
prevent redundantsearch,it doessearchmoreof the problemspacein lesstime
thanDP-Sequential.Thecodefor DP-Sequentialis modifiedby theintroduction
of asinglecall topar in orderto evaluatetheright branchin parallelwith therest
of thesearch.

6.2.4 Conflict-dependentBackjumping (CBJ)

SequentialConflict-dependentBackjumping (CBJ-Sequential)

The main deficiency of DP-Sequentialis that it may explore the searchspace
unnecessarily– bothsplit branchesareexploredregardlessof whetheror not they
could producea solution. In contrast,CBJ usesconflict setsasa mechanismto
identify redundantsearchspacesfollowing backtracking.Suchsearchspacesare
thenprunedwithoutbeingsearched.

A conflict set is a setof literals whosecurrentassignmentfalsify the entire
clausalset. We identify a conflict setwhenever anemptyclauseis derived. The
conflict setis the original setof literals in theclausethat is now empty. Clearly
thisclausecannotbesatisfiedunlesswechangethevalueof oneor moreof these
literals. Whenever a new conflict setis generated,theCBJalgorithmbacktracks
to reconsiderthe deepestliteral, l , in the searchtree. This literal is assigned
theoppositevalueto its currentassignment.Since,however, thisnew assignment
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mightrenderanotherclauseempty, asecondconflictsetmaybegeneratedandthe
algorithmmay thenbacktrackfurther. Whenall possibletruth valueshave been
excludedfor someliteral, l � , acontradictionis derived.To proceedfurther, thetwo
conflict setsthathavebeengeneratedby thepositiveandnegativeassignmentsto
l � areresolved,effectively creatingtheunionof bothconflictsetsandremoving l � .
Thenew conflictsetis propagatedup thesearchtreeuntil nomorecontradictions
occur.

Implementationof CBJ

The implementationof CBJ is similar to that of DP: the orderof the rulesare
maintainedbut theserulesaremodifiedto handleconflict sets.Theresultof the
searchincludestheconflict setthatwasproduced.

type SearchResult = (Boolean, Output_clausal_list,
No_nodes, Conflict_Set)

� Empty Clausal Set: This is treatedin thesameway asfor DP, exceptthatan
emptyconflict setis alsoreturned.

� Empty Clause: Thepresenceof anemptyclauseindicatestheexistenceof a
conflict set. Theconflict setis constructedby searchingthe clausallist for a
clausemarkedempty.

� Unit Propagation: Unit propagationproceedsasin DP-Sequentialunlessthe
literal, u, in the unit clauseis in a conflict set, sayA. In this case,the lit-
eralsof the original clausefrom which the unit clauseis derived musthave
assignmentswhich excludeany valuefor u. Consequently, theoriginal clause
constitutesa secondconflict set,sayB, which is resolvedwith A.

� Splitting Rule: Thesplitting rule is implementedsimilarly to DP-Sequential.
Eitheror bothbranchesmayreturnaconflictset.Theconflictsetsareresolved
andbacktrackingcontinuesaspreviouslydescribed.

CBJ-Sequentialdoesprevent someunnecessarysearch. However it suffers
from the samedeficiency asDP-Sequential:whensplits occurthe left branches
arealwayssearchedsequentiallybeforetheright branches.Theright branchat a
split is thusnot searchedat all until the left branchreachesa basecase:eithera
conflict setor a solution. Thusif the left branchdetectsa conflict set,it cannot
beresolveduntil theright branchhascompleted.TheHaskell implementationis
givenbelow.

conflictDirectedBackjumping :: [Clause] -> SearchResult
conflictDirectedBackjumping = cbj 1

cbj :: Int -> [Clause] -> SearchResult
cbj n xs

| allSubsumed xs = (True, xs, n, []) -- Empty
Clausal Set
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| emptyClause xs = (False, xs, n, findConflict xs)
| otherwise = cbj’ n xs (unitClause xs)

cbj’ n xs (Just w) = unitPropagation w n xs -- Unit Clause
cbj’ n xs Nothing = -- Split

let z = selectVariable xs
a@(fa, _, na, ca) = cbj ( n + 1) (simplify z xs)
b@(fb, _, _, cb) = cbj (na + 1) (simplify (-z) xs)

in
if fa then a
else if not $ isLitInConflict ca z then a
else if fb then b
else if not $ isLitInConflict cb z then b
else (False, xs, (nb), resolve ca cb z)

Naı̈veParallel CBJ (CBJ-Parallel)

The main deficiency of the sequentialCBJ algorithm is the delay in resolving
conflict sets.TheparallelCBJalgorithm(CBJ-Parallel) is designedto avoid this
weaknessof the sequentialCBJsolution. CBJ-Parallel implementsmechanisms
to detectandresolve areasof redundantsearchmorequickly thanthesequential
solutions.Stepsarealsotakento reducethecreationof unnecessarythreads.This
algorithm is a näıve parallel versionof sequentialCBJ. Redundantsearchstill
occursasno control is enforcedover thespeculation.Theconflict-backjumping
techniqueshould,however, identify areasof redundantsearchsoonerthan DP
andconsequentlywe anticipatethatCBJ-ParallelshouldoutperformDP-Parallel.
Thecodefor CBJ-Sequentialis modifiedasshown below by theintroductionof a
singlecall to par.

...
cbj’ n xs Nothing = -- Split
...

b ‘par‘ -- Parallel Right Branch
if fa then a
else ...

SpeculativeParallel CBJ (CBJ-Parallel-Spec)

Thetwo parallelalgorithmsdescribedabove(DP-ParallelandCBJ-Parallel) take
nodeliberatemeasuresto eliminateredundantsearch;neitheralgorithmexertsany
controlovertheamountof speculationthatis introduced.Thereductionof redun-
dantsearchis the centralaim of the algorithmthat is describedin this section,
CBJ-Parallel-Spec.Rapidresolutionof conflict setsandcontrolof speculationis
achievedby usingawrappermechanismanda fuel mechanism.

Eachcall to CBJ is embeddedwithin a wrapperfunction. The wrapperin-
spectsthestateof a sub-areaof theparentthread’ssearchspacebeforecreatinga
new child threadthatmaydeepenthesearch.Threepossiblestatesmaybefound:
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No. of No. of 16 Processors 32 Processors
variables clauses (DP) (CBJ) (DP) (CBJ) (CBJ-Spec)

(nv) (nc)
20 200 1.45 1.50 1.48 1.51 1.46
20 90 1.57 1.60 1.58 1.60 1.58
40 200 4.70 4.48 4.82 4.66 4.52
40 90 0.96 0.96 0.96 0.96 0.92
50 200 1.92 2.06 2.80 2.22 2.69
50 90 1.00 1.00 1.00 1.00 1.00

FIGURE 6.2. Relative speedupsfor eachalgorithm on 16& 32 processors

asolutionto theproblem,aconflict set,or acontinuationfor theremainderof the
search.In the lattercase,the parentis at a non-leafnodewhereasin the former
cases,theparentis at a leafnode.If a continuationis found,a child threadis cre-
atedto computethenext level in thesearchtree,otherwisethestateinformationis
usedto influencetheoverall resultof thecomputationandto controltheprogress
of thesearch.

In thetrivial case,whenasolutionis found,thevaluesof all executingthreads
canbe ignored. The interestingcaseoccurswhenthe existenceof a conflict set
hasbeendetected.In this case,theconflict setis propagatedto thelevel whereit
canbeusedto resolve the conflict, creatinga continuationthreadto explore the
areaof thesearchspacein which thesecondconflict setmayexist.

Thethrottlingmechanismusedhereprovideseachfunctionto bethrottledwith
anextraparameter, anintegerrepresentingthethread’s fuel. Eachcall to thefunc-
tion decrementsthefuel. If the functionproducesa result,this is returnedto the
caller. Otherwise,whenthefuel is decrementedto 0, apair is returnedcomprising
an indicationthat the function call is incompleteplus a suspensionrepresenting
thecontinuationof thecall (with thefuel resetto its maximumvalue,maxFuel).
Thecallermaychooseto eithercontinueevaluationwith this continuation,or to
takesomeotheractionasrequiredby thealgorithm.

6.3 PERFORMANCE RESULTS

Themainfactoraffectingtheperformanceof thesequentialalgorithmsis theuse
of left recursionto force depth-firstsearch. At a split, the right branchis not
exploreduntil thesearchspaceon theleft branchhasbeenexplored.If asolution
liesin therightbranchbut notin theleft, thentheproductionof thesolutionwill be
delayed.Parallel variantsof CBJshould,in principle,beableto take advantage
of speculation:for example,a small conflict setmay be found on a right hand
branchbeforea largeconflict setis foundon theleft branch.Thesmallsetmight
thenmaketheleft handbranchredundant.

Relative speedupresultsfor the parallelalgorithmsareshown in Figure6.2.
All theprogramshave beenrun on thesameartificially generatedinstances.The
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averagetime cost is calculatedfor a sampleof 50 SAT instanceswith different
ratiosof variablesto clauses,representingdifferentdegreesof difficulty. Relative
speedupis calculatedasthe ratio of the time taken on 1 processor(runningthe
parallelversionof thealgorithm)to that takenon n processors.All performance
resultswereobtainedusingthe GranSimsimulator, includingbasetimesfor the
sequentialversionsof thealgorithm.Performancewasmeasuredin termsof sim-
ulatedtime steps(“clock ticks”) for a high-latency distributedparallelmachine
approximatingtheSt AndrewsBeowulf cluster.

6.3.1 Analysisof PerformanceResults

Figure 6.2 shows an interestingdisparity in performancebetween“easy” and
“hard” instancesof the SAT problem. We seelittle speedupon the easierin-
stances.Hardinstancesoccurwheretheratioof clausesto variablesarefrom 4 to
5, nearthe phasetransition. We seethe highestspeedupson theseproblems,up
to 4.8atnv � 40 and2.8 for nv � 50.

For all parallelalgorithms,relative speedupbetween0.92and4.8 is achieved
using16 processors,with an averagespeedupof 1.5. No significantimprove-
ment in relative speedupis evident whenthe numberof processorsis increased
to 32. While thesefindings seemto concur with thoseof Gu [13], they are
ratherdisappointing,andrequirefurtherinvestigation.Unfortunately, nocompar-
ative performanceresultsareavailablefor fewer than16 processorsor for lower
latency architectures.Suchresultsmight indicatewhetherthepoorspeedupsare
dueto granularity, communicationcostor areaconsequenceof thealgorithm(for
example,the useof a centraliseddatastructuremay have introducedexcessive
serialisationinto thealgorithm).

A comparisonof the absoluteexecutiontimes for eachof the parallelalgo-
rithmssuggeststhatCBJ-Parallel-Specis slightly outperformedby theothertwo
parallelalgorithms,on average.Althoughthedifferenceis small(1% – 4%), this
finding wasunexpected.A possibleexplanationis thecostof thewrappermech-
anismthatwasusedto controlspeculation.It is plausiblethat this mechanismas
implementedintroducesexcesssynchronisationoverheadsbetweensplit branches
andthattuningwill benecessaryto reducethis overhead.Furtherwork is needed
to verify thisconclusionandto determinethebestway to avoid unnecessarysyn-
chronisation.

6.4 RELATED WORK

In practice,mostsequentialSAT algorithmscanbemappedontoparallelcomp-
utersystems,resultingin parallelSAT algorithms[12]. It mayevenbepossibleto
achieve super-linearspeedupsif therearecorrelationsbetweenvariablesettings
thatleadto solutions.Parallelprocessingdoesnotaltertheworst-casecomplexity
for SAT algorithmsunlessanexponentialnumberof processorsis available.How-
ever, parallelprocessingdoesdelaytheeffectof exponentialgrowth of computing
time,allowing thesolutionlargerSAT instances[12].

73



The sequentialSAT algorithmsdescribedheredependstrongly on efficient
accessto a centraliseddatastructure,and thus the designof the datastructure
is fundamentalto achieving good performanceon a given computerarchitec-
ture. Most early studiesof CSP/SAT algorithmswereperformedon sequential
machines[12]. Howeverrecentwork hasmovedto parallelprogrammingonmul-
tiprocessors.BohmandSpeckenmeyerhaveexperimentedwith theparallelisation
of theDavis Putnamalgorithmonamessage-passingTransputersystemcompris-
ing 320processors.For somesmallk each2k processorsolvesaformulaarisingat
depthk of aDPsearchtree,andcomputationceasesupononeprocessorfindinga
satisfiableassignmentfor its formula[4]. It wasobservedthattheexecutiontime
wasusuallylessthan N

2k whereN wasthetimetakenby theserialimplementation.
Otherparallel implementationsof DP exist: for example,Zhang,Bonacina

and Hsianghave implementeda simple master-slave distributed DP procedure
and succeededin exploiting parallelismwithout incurring the overheadof re-
dundantsearch[28]. We are not aware, however, of prior work on the parall-
el implementationof DP with CBJ. In contrast,theredo exist other parallel
constraint-satisfactionproblemalgorithms(e.g. [13]) andLoidl hasalso imple-
mentedsimpleα � β searchin GpH[18].

Guet al. suggestthatloosely-coupledmultiprocessorcomputersoffer limited
performanceimprovementsfor solving SAT. Communicationoverheadbetween
processorsbecomesabottleneckasprocessorsspeedup. Theirempiricalresearch
indicatesthat tightly-coupledparallelcomputing,which effectively reducesoff-
processorcommunicationdelays,is the key to the parallel processingof SAT
formulae[12]. This work appearsto be borneout by our centralperformance
results,citedin Section6.3.

6.5 SUMMARY AND CONCLUSIONS

Thispaperhaspresentedaparallelimplementationof theDavis Putnamalgorithm
(DP) for solvingpropositionalsatisfiability(SAT) problems,a fundamentalprob-
lem in artificial intelligence.To our knowledgethis is thefirst parallelalgorithm
that implementsconflict-directedbackjumping(CBJ) for DP. Overall, for the
architecturethat was simulated(a very high latency distributed machine),the
parallel algorithmsoutperformthe sequentialalgorithmson hard instancesby
a factor of 4-5 on either 16 or 32 processors,but perform no better than the
sequentialalgorithmson easyinstances.Furtherwork is requiredto determine
whethertheseresultsreflectlimitationsof thealgorithm,of thearchitecture,or of
theimplementation.

While not spectacular, we are encouragedby theseearly results; the prob-
lem haswide applicationandis severely performance-limited.Achieving good
parallelspeedupwould thushave importantpracticalramificationsfor theuseof
artificial intelligencetechniquesbasedon SAT or CSP. We arepresentlywork-
ing on enhancingCBJwith discrepancy-basedsearchusinga continuationpass-
ing approach.We believe suchan algorithmhasthe potentialto yield improved
parallelismover theapproachdescribedhere.
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