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Abstract. We presentthe first completealgorithm for the SMTI
problem,thestablemarriageproblemwith tiesandincompletelists.
We do this in theform of a constraintprogrammingencodingof the
problem.With this we areableto carryout thefirst empiricalstudy
of the completesolutionof SMTI instances.In the stablemarriage
problem(SM) [?] wehave � menand � women.Eachmanranksthe� women,giving himself a preferencelist. Similarly eachwoman
ranksthemen,giving herselfa preferencelist. Theproblemis then
to marrymenandwomensuchthatthey arestablei.e.suchthatthere
is no incentive for individuals to divorce and elope.This problem
is polynomialtime solvable.However, whenpreferencelists contain
tiesandareincomplete(SMTI) theproblemof determiningif there
is astablematchingof size � is thenNP-complete,asis theoptimisa-
tion problemof findingthelargestor smalleststablematching[?, ?].
In this paperwe presentconstraintprogrammingsolutionsfor the
SMTI decisionandoptimisationproblems,a problemgeneratorfor
randominstancesof SMTI, andanempiricalstudyof this problem.

1 Introduction
In the stablemarriageproblem[?] we have � men and � women.
Eachmanranksthe � women,giving himselfa preferencelist. Sim-
ilarly eachwomanranksthe men,giving herselfa preferencelist.
Theproblemis thento marrymenandwomensuchthatthey aresta-
ble. By stablewe meanthat thereis no incentive for individualsto
divorceandelope.For example,a matchingwould be unstableif it
containedthe marriagesRomeoto IsobelandJohnto Juliet,where
RomeoprefersJulietto Isobel,andJulietprefersRomeoto John,i.e.
RomeoandJulietwould elope.This problemhasa long history, and
anoptimalalgorithmwasproposedby GaleandShapley almost40
yearsago[?]. Thealgorithm’s complexity is �����	��
 , andis linearin
the sizeof the problem,wheresize is measuredin termsof the �
peopleeachwith a preferencelist of size � .

If menor womenfind somemembersof the oppositesex unac-
ceptable,preferencelists becomeincomplete.Theseproblemsare
classifiedasstablemarriageproblemswith incompletelists (SMI)
andareagainsolvablein polynomialtime. We might alsohave ties
in thepreferencelists. That is, a man(or a woman)might be indif-
ferentbetweena numberof his (or her) choices.For exampleJohn
might have a preferencesuchthatheprefersIsobelto Jane,but Jane
ties with Susie.In the extremewhenall potentialpartnerstie with
oneanother, weareaskingonly for amatchingandstability is notan
issue.However, whenwe combinetieswith incompleteness,we get�
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the stablemarriageproblemwith ties andincompletelists (SMTI).
We restrictourselvesin this paperto weakstability: underthis defi-
nition a marriageis unstableif thereis a man ��� anda woman ��� ,
eachof whomstrictly preferstheotherto his/hercurrentpartner[?],
i.e. � � and � � will elope.

No completealgorithmhaspreviously beenproposedfor SMTI
andno empiricalstudyhasbeencarriedout. Thequestion“Is there
a weakly stablematching?”is uninterestingas therealways is [?].
So in this paperwe presenta constraintprogrammingencodingfor
the SMTI decisionproblem“Is therea stablematchingof size � ?”
andthe optimisationproblem,to find the largestor smalleststable
matching.ThesequestionsareNP-complete[?, ?]. Wealsoproposea
problemgeneratorfor randominstancesof SMTI. Wethenstudythe
SMTI investigatingwhatfeaturesof theproblemappearto influence
thehardnessandsizeof stablematchings.

Thepaperis organisedasfollows. In thenext sectionwepresenta
problemgeneratorfor SMTI. We then presentconstraintprogram-
ming solutions for the SMTI decisionproblem and optimisation
problem.Thesearethefirst completealgorithmsfor theseproblems.
Wethendiscusstheconstrainednessof SMTI. Theempiricalstudyis
thenpresentedandthepaperconcludes.

2 Random Instance Generation
A classof randomlygeneratedinstanceof SMTI is representedby
a triple ������� � ��� ��� where � is the numberof men and womenin
the problem, � � is the probability of incompletenessand � � is the
probabilityof ties.Problemsaregeneratedasfollows

1. A randompreferencelist of size � is producedfor eachmanand
eachwoman.

2. We iterateover eachman’s preferencelist asfollows. For a man��� and for all women ��� in his preferencelist, we generatea
randomnumber �����! #" . If �!��� � we delete� � from � � ’s
preferencelist anddelete� � from � � ’spreferencelist.

3. If any man or womanhasan empty preferencelist, discardthe
problemandgo to step1.

4. We iterateover eachperson’s (menandwomen’s) preferencelist
asfollows. For a man ��� andfor his choices$�� rangingfrom his
secondto his last,we generatea randomnumber �%�&�! #" . If�'�(� � thenthe preferencefor his $*)�+� choiceis the sameashis$ )�+��, � choice,otherwisehis $ )-+� choiceis onegreaterthanhis $ )�+��, �
choice.

An instancegeneratedas �����.�0/ �1�2�1/ � � will be a stablemarriage
problemwith astablematchingof size � . An instance�����.�0/ �0��"3/ � � is
a stablematchingproblemwith completeindifference,andthereare��4 matchings.An instance������"3/ �1��� ��� is aproblemwith emptypref-
erencelists,andisobviouslyunsolvable.Figure?? showsarandomly



Men’s lists Women’s lists
1: 2 (6 4) 1: (5 3) 6
2: (2 5) 6 2: 2 5 1 6
3: 1 3 6 3: (3 4)
4: 6 3 4: 6 1
5: 2 1 5 5: 5 2 6
6: 6 (4 2) 5 1 6: 1 (4 6) 2 3

Figure 1. A randomlygeneratedSMTI instancewith 6 menand6 women,
generatedwith parameters57638:93; <38=93; � <?> . Theinstancehasa largeststable
matchingof size6 namely(4,2,1,3,5,6),anda smalleststablematchingof

size5, namely(4,2,-,3,1,6)

generatedSMTI ��@1�.�0/ AB�2�1/ C3A � . Preferencesthattie arein braces.The
largeststablematchingis of size6 andthesmallestis of size5.

3 A Constraint Programming Representation
Two representationsare presented,the first being for the decision
problemIs there a stablematchingof size� ?, andthesecondfor the
optimisationproblemWhatis thesizeof thelargest(smallest)stable
matching?.

Theencodingis asimpleextensionof theSMI encodingpresented
in Section2 of [?] and uses CD� variables,wherethe domainof a
variablecorrespondsto a preferencelist. For the E=)-+ man(woman)
we have thevariable � � ( � � ). If thereis a value FHGJIBKL�NM1E��O��� � 

thenwoman � � is in theman’s preferencelist. Themanhasa pref-
erence�QPLRDST�����U�VFB
 for woman ��� , where "W�X�QPLRLST�����U�VFB
��Y� .
A stablemarriageconstraintexistsbetweenman ��� andwoman ���
when FZG[IBKL�NM1E��O��� � 
 and E�G[IBKL�NM0EV�O��� � 
 . The stablemar-
riage constraintis representedextensionallyas a set \ of infeasi-
ble pairs (nogoods).A nogood ��M]�U^�
 is in \ if it correspondsto
a blocking pair or a relationshipwhich is not a marriage.That is,��M]�_^�
 is a blocking pair if � � prefers� � to �a` and � � prefers � �
to � ` i.e. M�GHIBKD��M0E��O������
Tbc^dGHIBKD��M0E��O�����L
	be�QPLRDST�����:�_Mf
g �QPLRLST�����U�VFB
�be�QPLRDST�����B�:^�
h J�QPLRLST�����3�.E=
 . (Notethat thestrict in-
equalitiescorrespondto the definition of weak stability.) The pair��M]�_^�
iG�\ is notamarriageif � � marrieswoman� � but woman� �
marriessomeoneelse,or woman��� marriesman ��� but ��� marries
someoneelse,i.e. M!G�IBKD��M0E��O�����V
jbH^�G�IBKD��M0E��������L
Obk��MJlFhbm^onl&E�pZM�nlJFqbc^rl&E=
 .

1 4 6 2 3
6 x x x x
4 x x x
2 x x x
5 x x x
1 x x x

Figure 2. Theconflict matrix for constraintsut*v t from theproblemin
Figure??

Figure ?? shows the conflict matrix correspondingto the stable
marriageconstraintactingbetweenman � t andwoman � t in the
problemof Figure??. Thedomainvaluesof thevariableshave been
listedin preferenceorder, exposingthestructurefirst identifiedin [?].

Whenpreferencelists areincompleteit might not be possibleto
find a matchingof size � . Therefore,it might beworthwhileadding

two redundantM1w-w7x�EUS]S constraints[?] to detectwhentherearein-
sufficientvaluesto allow all menandall womento bemarried.In the
empiricalstudywe will investigatethe behaviour of this redundant
constraint.

Whennocompletestablematchingcanbefoundwemight thenbe
interestedin findingthelargestor thesmalleststablematching,i.ewe
have anoptimisationproblem.Theabove encodingis thenmodified
asfollows.Weaddavirtual person�dyJ" to everymanandwoman’s
domainwith a preferencevalueof �Wyz" , i.e. �QP3RDST�����U�_�Wyz"?
{l�ryH" . Consequently, apersonprefersto bemarriedthanto besingle.
In additionwe associatea zero/onevariableto eachmanandeach
women.The zero/onevariabletakesa valueof oneif the personis
married,otherwiseit is zero.That is �����{l|�~}����{l��HyZ"
and �r���dl��{}�����lX�cy&" , where ����� and �r��� arein �?�1��"D� ,
and �N� � l�" ( �r� � l�" ) canbe readasman � � (woman � � ) is
married, and } is thebiconditional.To find alargeststablematching
we maximisethesumof the ��� variables,andto find thesmallest
stablematchingwe minimisethesum.

Thereare � variableseachwith domainsize � . Thereis a binary
constraintfrom eachmanto all women,i.e. � � binary constraints,
andeachof theseconstraintscontains����� � 
 nogoodpairs.There-
fore thesizeof theencodingsis �������?
 . Thecomplexity of arccon-
sistency is ����RB/ I0�?
 where R is the numberof constraints,I is the
domainsize,and P is thearity of theconstraints[?, ?]. Consequently
thecostof enforcingarcconsistency in our encodingis �������D
 . The����� � 
 encodingproposedin [?] hasnotyetbeenextendedto handle
ties.

For the above encodingsthe searchprocessusesa variableand
valueorderingheuristic.Only personvariablesareselected(i.e. the
zero/onevariablesarenot selectedfor instantiation),preferencebe-
ing givento thevariablewith theleastremainingvaluesin its domain
i.e.theminimumremainingvaluesvariableorderingheuristic.Values
arethenselectedin preferenceorder, suchthata personattemptsto
marryhisor hermostpreferredpartner. Thisvalueorderingheuristic
guaranteesa failurefreeenumerationof solutionsin SM [?].

Whenpresentedwith aninstanceof SMI, i.e. problemsgenerated
as ���O�-� � �2�1/ � � , theabove encodingfor thedecisionproblemreverts
to polynomialperformance,andwith thevalueorderingheuristicwe
areguaranteedfailurefreeenumerationof all stablematchings.This
is becausetheencodingreducesto theSMI encodingof [?] for which
searchis polynomial.

4 The Constrainedness of SMTI
In [?] a measureof constrainednesswasproposed.The measureof
constrainedness(kappa)is definedas ��l�"o��� �2�?�-�����2������ �.�?��� �Q� � , where�V\uKLw � is theexpectednumberof solutions,and � \a� is thesizeof the
statespace.� is definedfor an ensembleof problems.Whenevery
stateis asolution �V\uK3w � lZ� \a� and �cl�� , andproblemsareeasyand
soluble.Whennostateis a solution w7K?���_�V\uK3w � 
�l��q  and �NlX  ,
andproblemsareagaineasybut unsolvable.Whenon averageeach
problemhasonesolution w7K?���_�V\uK3w � 
il�� and �Nl¡" , problemswill
beon theknife edgeof constrainedness,wherewe expect50%to be
solubleandmostto behard.

For a constraint satisfaction problem � is defined to be

� ¢¡£:¤D¥ � �.�D� � ,f¦
£ �¢�§ ¤L¨ � �.�?��© § � , where ª is the setof constraints,« is the set

of variables,�Q¬ is thetightnessof a constraint,and ��­ is thesizeof
thedomainof thevariable ® . Givena constraintª involving a setof
variables,thetightnessof thatconstraint�Q¬ canbecalculatedasthe
numberof infeasibletuplesdividedby thenumberof possibletuples
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for thosevariables.
By representingSMTI asaconstraintsatisfactionproblemwecan

measure� for eachinstancegenerated.Thiswill giveussomeindica-
tion of whatensemblesuchaninstancemostlikely belongsto. How-
ever, wecanmakesomeconjecturesasto how thedifficulty of SMTI
will vary aswe vary theproblemgenerationparameters������� � ��� ��� .
Whenwe increase� � we shouldexpect eachstablemarriagecon-
straintto becomelooser, i.e. thenumberof infeasibletupleswill fall.
Therefore� shouldbeinverselyrelatedto � � . Whenwe increase� �
this will increasethe amountof incompletenessin preferencelists.
Consequentlydomainsizeswill fall, andwe shouldexpect � to rise.
However, asdomainsizesfall sotoo doesthenumberof stablemar-
riage constraints.Therefore,it is not immediatelyclear if this fall
in thenumberof constraintswill win out againstthe falling domain
sizes.Will � fall or risewith � � ? And whatwill happenaswe vary� � and� � together?Will thesebeopposingforces,where� � tendsto
drive problemstowardsinsolubility, whereas� � tendsto make prob-
lemslooser?We will investigatethesequestionsin thenext section.

5 The Empirical Study
We performedour experimentsusingthechococonstraintprogram-
ming toolkit [?]. Thestudyis mostlyof problemsof size10. Prob-
lemsweregeneratedwith incompleteness� � varyingfrom 0.1to 0.8
in stepsof 0.1. When � �~¯ �0/ ° problemshave empty preference
lists, andarerejectedfrom this study. For eachvalueof � � we vary
ties � � from 0.0 to 1.0 in stepsof 0.01,with a samplesizeof either
100or 50ateachdatapoint.Experimentswererunonmachineswith
either733MHzor 1GHzprocessors,with between256MBand1GB
of RAM. Theexperimentsreportedheretook in excessof 2 months
CPU time. We alsocodedan independentimplementation,written
by a differentauthorin Eclipse,andobtainedconsistentresultswith
thosepresentedhere.In ourexperimentswefirst investigatehow pa-
rameters� � and � � influencethe decisionproblem“Is therea sta-
ble matchingof size � ?”. We thenexploretheoptimisationproblem
“What is thesizeof thelargestandthesmalleststablematchings?”.

5.1 The Decision Problem
In the decisionproblemwe determineif thereis a stablematching
of size � . This is a featureof theproblem,andis algorithmindepen-
dent.Figure?? shows for eachvalueof � � theproportionof soluble
instancesaswevarytheamountof ties � � . Weseethatastheamount
of ties � � increasesthe proportionof soluble instancesincreases.
This suggeststhat aswe increaseties the constraintsbetweenmen
andwomenbecomelooser, consequentlywe shouldexpectto seea
fall in the constrainednessof problems.We alsoobserve that as � �
increases,i.e. preferencelists get shorter, solubility decreases.This
might at first appearunsurprising.However, aspreferencelists get
shorterthenumberof stabilityconstraintsfall. Thisfall is notenough
to preventa fall in solubility dueto falling domainsize.

In Figure?? weplot solubility againsttheaverageconstrainedness
of theprobleminstances,i.e. � is on thex-axis.We seethefamiliar
phasetransitionbehaviour asobservedin [?, ?].

TheallDif f constraintmakesno difference.Thenumberof search
nodeswasthesamewith andwithout this redundantconstraint,and
therewasno significantdifferencein run times.Figure?? shows the
averagecostof answeringthedecisionproblem,measuredin terms
of searchnodes,for �:"��1��� � �-� ��� plottedagainst� � . Searchcostsin-
creasesaswe increaseties � � . This is becauseconstraintsget looser
astiesincrease,consequentlytheproblemis lessdeterminedbyprop-
agation.Thereforeateachinstantiationachoicehasto bemade.Nev-
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Figure 3. Thedecisionproblem:is thereastablematchingof size ± ?

0

0.2

0.4

0.6

0.8

1

0.4 0.6 0.8 1 1.2 1.4 1.6

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8

Figure 4. Thedecisionproblem:is thereastablematchingof size ± for a
givenvalueof ² ?

0

1

2

3

4

5

6

7

8

9

0 0.2 0.4 0.6 0.8 1

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8

Figure 5. Theaveragecostof thedecisionproblem
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ertheless,searcheffort is small,nevermorethan9 nodes.In addition
we seethatsearchcostdecreasesaswe increaseincompleteness� � .

Figure ?? re-plotsthe above data,this time againstthe average
valueof � , ratherthan� � . Thecontouris somewhatsurprising,with
searcheffort falling with increasingconstrainedness.Thereis nosign
of a complexity peaknormally associatedwith the solubility phase
transition.

Ourfinal figurein thissection,Figure??, showshow searcheffort
variesaswevaryproblemsize.Thereare6 contoursfor �����.�0/ AB�V� � � ,
with � equalto 10 to 60 in stepsof 10. The mediansearchcost in
nodesis plottedagainst� � . Weplot against� � ratherthan � because
weobservedasystematicbiasin thevaluesof � sincethedegreeof a
variableis proportionalto �0� � . It wouldbeinterestingfuturework to
definea specialisedvalueof � for SMTI, notbasedon theconstraint
encoding,to avoid this problem.It appearsthatmediansearcheffort
increasespolynomiallywith problemsize.However, weobservedoc-
casionalhardproblems.For example,an instanceof ��@L�1�2�1/ AB�2�1/ @1" �
took15438nodes.
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Figure 7. Themediancostof thedecisionproblemfor 57±�8:93; <38�³ � > ,plottedagainst³ � .

5.2 Optimisation
Wenow investigatethesizeof thelargestandsmalleststablematch-
ings.Stability is an‘interpolatinginvariant’ [?]: thatis, thereis stable
matchingof every intermediatesizebetweenthemin andmax.The
maximumsizedmatchingis never more than twice the sizeof the
minimum[?].

Throughoutthissectionweplot against� � insteadof � , sincecon-
strainednessis definedfor the decisionproblem,not the optimisa-
tion question.Figure?? shows theaveragesizeof theminimumand
maximumstablematchingsfor varying � � and � � lZ�0/ A . Theseare
initially the samesize,asthey mustbe, for � � l#� , but the differ-
enceincreaseswith � � until for � � lz" thereis anaveragedifference
in sizeof morethan3. At completeindifferencethis correspondsto
thedifferencein sizeof maximalmatchings.We observed a similar
patternatdifferentvaluesof � � . At completeindifferencethelargest
meandifferenceis of 3.5 at � � l´�1/ µ , after which the shortening
preferencelists reducesthesizeof themaximummatching.

We now examine the computationalcost (measuredas search
nodesexplored)of findingtheminimumandmaximumstablematch-
ings. Thesewere computedin separateruns.Figure ?? shows the
costof finding thelargestmatchingandverifying its maximality, for
varying � � ��� � . Noticethatwehaveusedalog scalefor cost.Costin-
creasesasweincrease� � for given � � . Weexplainthisby notingthat
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Figure 8. Theaveragesizeof thesmallestandlargeststablematchingsfor5V¶2938:93; <387³ � >
for high � � , thelargenumberof tiesleadsto many candidatematch-
ings to explore. In the region of high � � we seenoisy behaviour in
thesearchcost.As yet,wehavenoexplanationof why weareseeing
theseoccasionalyhardproblems.

Figure ?? shows the cost of finding (and proving optimal) the
smallestmatching.Here,searchcost (againshown on a log scale)
increasesexponentiallywith � � , with numbersof nodesin the mil-
lions for � � lZ�0/·" , � � l#" . This is becauseof the factorialnumber
of matchingrequiredto be eliminatedaspossibleminimal match-
ingswhenverifying minimality. Rememberingthatwhen� � l�" the
problemis asimplematchingproblemandis in P, it is disappointing
that thesearchhasthis property. Clearly, somenew constraintis re-
quiredto eliminatethisthrashingif SMTI instanceswith large � � are
foundin practice.

Figures?? and ?? show how thesesearchcostsscaleas we in-
crease� with � � l��0/ A . Wecouldnot testhighvaluesof � � at larger� becauseof thelargeruntimesmentionedabove.Weseesimilarbe-
haviour to thatwe notedat ��l�"�� , with noisein thesearchcostfor
largestsize,andclearexponentialgrowth in thecostfor smallestsize.
It is lessclear, becauseof thenoise,whetherthecostto find themax-
imal matchingis growing polynomially or exponentially. Certainly
we do not seestrongevidenceof themediangrowing exponentially.
It maybepolynomial,asourbetterevidencefor thedecisionproblem
showed.
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Figure 11. Theaveragecost,in nodes,of finding thelargeststable
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6 Conclusions and Further Work
We have reportedon a notablesuccessfor constraintprogramming
(CP).We have beenableto implementa completealgorithmfor the
SMTI problemandperformanempiricalstudyusing“off theshelf”
CPtechnology. It waswith this generaltechnologythatwe achieved
our results,ratherthandevelop specialpurposecodefor our study
of SMTI. Our study hasshown how the size of stablematchings
andthedecisionandoptimisationcostsvary aswe vary therandom
generationparameters.Our randominstancesshow significantdif-
ferencesin sizebetweensmallestandlargest,animportantfeatureof
theSMTI problem.

We have openedmany interestingavenuesfor further research.
First, why did we fail to observe a complexity peak at the solu-
bility phasetransition?Might this emerge whenwe look at bigger
instances?Second,why wasthe costof finding the smalleststable
matchingconsiderablyharderthanfinding the largeststablematch-
ing? Might a betterencodingof SMTI result in a reductionin cost
for theminimisationproblem?Thirdly, determiningif thereis a sta-
blematchingof size � is polynomialtimesolvablefor SM, SMI, and
SMT, yet it is NP-Completefor SMTI. Consequently, theremustbe
a phasetransitionfrom P to NP-completnesswhenboth � � and � �
aregreaterthanzero.Whenwill we startto seeproblemsbehave as
if they areNP-Complete?Wearefacedwith thesamescenarioaswe
move from weakto strongstability. As we mix weakandstrongsta-
bility will we alsoseea transitionfrom polynomalbehaviour? And
canagooddefinitionof constrainednessbefoundfor SMTI?Perhaps

0.1

1

10

100

1000

10000

100000

1e+06

0 0.2 0.4 0.6 0.8 1

n=10
n=20
n=30
n=40
n=50
n=60

Figure 12. Theaveragecost,in nodes,of finding thesmalleststable
matchingsfor 5�±	8U93; <38-³ � >

themostimportantfuturework is practicalapplication,for example
to thereal-lifehospitalresidentsproblem.To doso,it maybeneces-
saryto useencodingswhich take lesstime than �������?
 to establish
consistency. We areactively examiningonesuchencodingbasedon
0/1 variableswhich will take only ����� � 
 time: this shouldspeed
up run time per nodewhile not necessarilyreducingthe numberof
searchnodes.
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