WILF EQUIVALENCE OF PARTIAL PERMUTATIONS

Alexander Burstein Howard University

Hamaker and Rhoades [2] define a partial permutation (A, B) of size k as an ordered
pair of lists A = (ay,...,a;) and B = (by,..., i) of positive integers, representing a
map 77 : A — B such that 7(a;) = b; foralli =1,...,k. Pairs (A, B) that represent the
same map 7 are considered to be the same partial permutation.

For any k > m, a k-extension of a partial permutation (A, B) of size j is a permutation
o € Sk such that o(a;) = b; for each i = 1,...,m. In other words, c|4 = ©. A
k-completion (A, B); of a partial permutation (A, B) is the set of all k-extensions of
(A, B).

We call (A, B) and (C, D) k-Wilf-equivalent as partial permutations if (A, B)x ~ (C, D)y
(where “~” denotes Wilf-equivalence). Furthermore, we call (A, B) and (C, D) Wilf-
equivalent as partial permutations if (A, B)y ~ (C, D)y for all k > max(AUBUCUD).
We denote this by (A, B) ~ (C, D).

We prove some and conjecture other Wilf-equivalences of partial permutations, and
extend some of those to shape-Wilf-equivalences of partial permutations. Many of those
can be restated as (shape-)Wilf-equivalences of partially ordered permutations (POPs),
proved or conjectured in Burstein et al. [1]. One of those conjectures was recently
proved by Wang and Yan [3].

We also establish some enumerative results. For example:

Theorem 1. We have ((t,t +1),(1,2))r ~ (12,12)x forall 1 < t < k — 1, and therefore
((t,t+1),(1,2)), t > 1, are Wilf-equivalent as partial permutations. Moreover, for k > 3,

n!, ifn <k—3,

v (44D, (L2 | = {(zc_z)xrkg(n), fn>k-3,

where ry_3(n) is the n-th (k — 3)-Schroder number, i.e. the number of Schroder paths with
level steps of k — 3 colors.
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