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Using generating trees, West [1] showed that the class S(2413, 3142) of separable per-
mutations is counted by the large Schröder numbers. In this talk, we will discuss
how to enumerate these permutations by the absolute position of the 1 (in one-line
notation), and by the position of the 1 relative to the position of the maximal entry.
We will show that, as suspected by West, enumeration by the position of the 1 leads
to an alternative way to arrive at the Schröder numbers.

Let
S(x) = 1 + x + 2x2 + 6x3 + 22x4 + 90x5 + 394x6 + · · ·

be the generating function for the sequence a0 = 1, an = |Sn(2413, 3142)|, and let
S ℓ 7→1

n be the subset of elements in Sn(2413, 3142) having the 1 at position ℓ. That is,

S ℓ 7→1
n = {σ ∈ Sn(2413, 3142) : σ(ℓ) = 1}.

Proposition 1. The generating function g(x, u) =
∞
∑

n=1

n
∑
ℓ=1

|S ℓ 7→1
n | uℓxn satisfies

g(x, u) =
xuS(x)S(xu)

S(x) + S(xu)− S(x)S(xu)
.

Proof. Let gi(x, u) and gd(x, u) be the components of g(x, u) counting the correspond-
ing indecomposable and decomposable permutations of size greater than 1. Thus,

gi(x, u) = u2x2 + (u2 + 2u3)x3 + · · · ,

gd(x, u) = ux2 + (2u + u2)x3 + · · · ,

and g(x, u) = xu + gi(x, u) + gd(x, u). Note that, since every permutation is either
indecomposable or has an indecomposable factor, we have

g(x, u) = (xu + gi(x, u))S(x) and gd(x, u) = (xu + gi(x, u))(S(x)− 1). (1)

Since the reverse map is an involution on Sn(2413, 3142), we have

g(x, u) = ug(xu, 1
u ) = (xu + ugi(xu, 1

u ))S(xu).

On the other had, since the reverse of an indecomposable permutation is decompos-
able, we also have gd(x, u) = ugi(xu, 1

u ), and therefore

g(x, u) = (xu + gd(x, u))S(xu)
= xuS(x)S(xu) + gi(x, u)(S(x)− 1)S(xu).

Combining this with (1), we arrive at the equation

(xu + gi(x, u))S(x) = xuS(x)S(xu) + gi(x, u)(S(x)− 1)S(xu),
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which gives

gi(x, u) =
xuS(x)(S(xu)− 1)

S(x) + S(xu)− S(x)S(xu)
.

Using again (1), we then get

g(x, u) = (xu + gi(x, u))S(x) =
xuS(x)S(xu)

S(x) + S(xu)− S(x)S(xu)
.

Remark 2. Lettting u = 1, Proposition 1 gives the equation

g(x, 1) = S(x)− 1 =
xS(x)S(x)

S(x) + S(x)− S(x)S(x)
=

xS(x)
2 − S(x)

,

which leads to S(x) = 1
2

(
3 − x −

√
1 − 6x + x2

)
.

Enumeration by relative position

For a, k ≥ 1, let S a≺n
n,k (2413, 3142) be the set of σ ∈ Sn(2413, 3142) such that:

• σ−1(n)− σ−1(a) = k,

• σ−1(b)− σ−1(n) > 0 for every b ∈ {1, . . . , a − 1}.

For a > 1, any permutation σ ∈ S a≺n
n,k (2413, 3142) must be of the form σ = π ⊖ τ,

where π ∈ S1≺m
m,k (2413, 3142) with m = n − a + 1, and τ ∈ Sa−1(2413, 3142). For this

reason, it is enough to just examine the case a = 1.

Theorem 3. The generating function f (x, t) = ∑
n,k≥1

|S1≺n
n,k (2413, 3142)|tkxn satisfies

f (x, t) =
x2tS(x)S(xt)2(

S(xt) + S(x)− S(xt)S(x)
)2 .

As a consequence, ∑
n,k,a≥1

|S a≺n
n,k (2413, 3142)|tksaxn = f (x, t) · sS(xs).
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