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BAXTER PERMUTATIONS AND BAXTER d-PERMUTATIONS

Baxter permutations are a central family of permutations that are in relation with nu-
merous other combinatorial objects. They are also known to be characterised by the
forbidden vincular patterns 2 — 41 — 3 and 3 — 14 — 2. The separable permutations, are
also a well studied permutation class that form a subset of the Baxter permutations.
A permutation is separable if it is of size 1 or if it is the skew or direct sum of two
separable permutations. These permutations are additionally characterised by the
forbidden patterns 2413 and 3142.

In this presentation, we are interested in higher dimensional analogs of these permu-
tation classes. In higher dimensions, permutations are generalised by multidimensional
permutations, also called d-permutations [3, 4]. A d-permutation of [n] is a sequence
of d — 1 permutations 7w = (711,...,74_1). Given a d-permutation 7t, 71 is the iden-
tity permutation on [n]. The diagram of a d-permutation 7t is the set of points in
Pr = {(mo(i), 11 (i), ..., m4_1(i)),i € [n]}. Figure 2 shows (on the right) an example
of 3-permutation.

Definition 1. Let i = ij...iy be a sequence of indices in {0,...,d}, let also
c = (01,...,04-1) be a d-permutation of size n. The projection on i of o is the
d'—permutation given by proj;(c) := (Uizcrgl,...,oq d,og:l). A projection is direct if

i1 <ip < --- <lg.

Definition 2. Let the d-permutation ¢ = (01,...,04_1) € S%1 and the
d'—permutation 7t = (7y,...,7Ty_1) € Sl‘f/—l with k < n and &’ < d. Then o con-
tains the pattern 7t if there exists a direct projection ¢’ = proj;(¢) of dimension d’ and
a set of indices ¢; < ... < ¢ s.t. 0/(c1)...07(cx) is order-isomorphic to 7r; for all i. A
permutation avoids a pattern if it doesn’t contain it. Let s be a symmetry operation of
the [n]? grid (seen as a d-cube), s(Py) is a diagram of a d-permutation that we denote
s(7t). We also denote by Sym(7r) the family of permutations obtained by applying
the symmetries of the d-cube on 7.

Let also p; and p; be the i'" and j points with respect to the axis 0 in a d-permutation
. The points p; and p; are k-adjacents if one has o (p;) = ox(p;) = 1. Additionally, p;
and p; are O-adjacent if i = j £ 1.

Definition 3. A generalised vincular pattern 7t|x,  x, , is a d-permutation 7t of size k
along with a list of adjacencies given by subsets of [k — 1]. Given a d-permutation o,
the set of points p; ... py is an occurrence of 7|x, . x, , if it is an occurrence of 7t and
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if it satisfies that for any j in any X; the j and the j + 1"

with respect to the axis k are k-adjacent.

point (of the occurrence)

((3,4,1,2),(1,4,3,2)) (3.1,2),(2,1,3))

/

Figure 1: The patterns 2413|,,, (3412,1432)|,,, and (312,213).

In [3] and [4], a definition of separable d-permutations and of Baxter d-permutations
was proposed. It was shown that these generalizations were characterized by
the forbidden patterns Sym(2413), Sym((312,213)) for separable d-permutations and
by the forbidden patterns Sym(2413|,,), Sym((312,213)}15,), Sym((3412,1432)|25,),
Sym((2143,1423)|,,,) for Baxter d-permutations.

HIGHER DIMENSIONAL FLOORPLANS

A floorplan of size n is a partition of a rectangle using n interior-disjoint rectangles.
These combinatorial objects have been studied in various fields of computer science,
architecture or discrete geometry.

A d-dimensional floorplan (or a box partition) is a partition of a d-dimensional hyper-
rectangle with 7 interior-disjoint d-dimensional hyperrectangles (called blocks). A
(d — 1)-hyperrectangles with fixed coordinate x; is called facet of axis i. Given an axis
i, the boundary of a d-dimensional hyperrectangle defines two facets of such axis.
A d-dimensional floorplan is generic if the set of facets that share the same i-th coor-
dinate is a single facet. A border is a maximal facet of the interior of the bounding
d-hyperrectangle.

Definition 4. A d-floorplan is a generic d-dimensional floorplan that has no border
crossing.

Two d-floorplans are equivalent if the relative positions (up, down, left, right etc...)
of their boxes are the same. Figure 2 (on the left) shows an example of 3-floorplan.
Mosaic floorplans (or 2—floorplans) are known to be in bijection with Baxter permu-
tations [2]. This bijection also defines a bijection between separable permutations and
a subset of mosaic floorplans, called guillotine partitions.

In [3], a generalization to arbitrary dimensions of guillotine partitions, was consid-
ered. The authors find a bijection between 2?~!—dimensional guillotine partitions
and separable d-permutations.

In the work presented here, we introduce a generalization of the bijection [2] between
mosaic floorplans and Baxter permutations which also generalizes the one in [3].



Theorem 5. There exists a bijection betweeen d-permutations with n points avoiding
Sym((312,213)),Sym(2413|,,) and 24~ -floorplans with n blocks.

The multipermutations involved in the bijection are defined by the avoidance of the
vincular patterns of Baxter permutations and of the dimension 3 patterns of the sepa-
rable d-permutations. This set is strictly included in the set of Baxter d-permutations
defined in [4]. Table 1 summarizes the different objects and related permutations
classes.

] Objects \ Permutations \ Pattern avoidance ‘
Slicing floorplans Separable Sym(2413)
Mosaic floorplans Baxter Sym (2413|,)
27=1_guillotine floorplans | d-Separable Sym(2413), Sym((312,213))
27-1_Floorplans sub d-Baxter | Sym(2413|,,), Sym((312,213))

d—Baxter | Sym(2413|,5), Sym((312,213)|15,),
Sym((3412,1432)125,),
Sym((2143,1423) |25, )

(1,2,4,3,5], 3,4, 1,2, 5]

Figure 2: On the left an example of a 3—floorplan. In the middle the relative order
of each blocks with respect to each direction (x,y,z). On the right the corresponding
3-permutation (considering the 3-floorplan as a 4-floorplan).
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