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Outline Definitions Results Conjectures

Partial permutations

Hamaker (PP’24): A partial permutation of size m is a pair of m-tuples of distinct
positive integers (A,B), that is

A = (a1, . . . , am), B = (b1, . . . , bm).

A k -extension of a partial permutation (A,B) of size j is a permutation σ ∈ Sk such that

σ(aj ) = bj for each j = 1, . . . ,m.

This is defined for k ≥ m.

A k -completion (A,B)k of a partial permutation (A,B) is the set of all k -extensions of
(A,B).

For example,

((2, 4), (1, 2))4 = {3142, 4132},

((2), (1))4 = {2134, 2143, 3124, 3142, 4123, 4132},

(A,B)k = ∅ for k < max(A ∪ B),

Skip inside parentheses where context is non-ambiguous, e.g. (24, 12)3, (2, 1)4.



Outline Definitions Results Conjectures

Partial permutations

Hamaker (PP’24): A partial permutation of size m is a pair of m-tuples of distinct
positive integers (A,B), that is

A = (a1, . . . , am), B = (b1, . . . , bm).

A k -extension of a partial permutation (A,B) of size j is a permutation σ ∈ Sk such that

σ(aj ) = bj for each j = 1, . . . ,m.

This is defined for k ≥ m.

A k -completion (A,B)k of a partial permutation (A,B) is the set of all k -extensions of
(A,B).

For example,

((2, 4), (1, 2))4 = {3142, 4132},

((2), (1))4 = {2134, 2143, 3124, 3142, 4123, 4132},

(A,B)k = ∅ for k < max(A ∪ B),

Skip inside parentheses where context is non-ambiguous, e.g. (24, 12)3, (2, 1)4.



Outline Definitions Results Conjectures

Partial permutations

Hamaker (PP’24): A partial permutation of size m is a pair of m-tuples of distinct
positive integers (A,B), that is

A = (a1, . . . , am), B = (b1, . . . , bm).

A k -extension of a partial permutation (A,B) of size j is a permutation σ ∈ Sk such that

σ(aj ) = bj for each j = 1, . . . ,m.

This is defined for k ≥ m.

A k -completion (A,B)k of a partial permutation (A,B) is the set of all k -extensions of
(A,B).

For example,

((2, 4), (1, 2))4 = {3142, 4132},

((2), (1))4 = {2134, 2143, 3124, 3142, 4123, 4132},

(A,B)k = ∅ for k < max(A ∪ B),

Skip inside parentheses where context is non-ambiguous, e.g. (24, 12)3, (2, 1)4.



Outline Definitions Results Conjectures

Partial permutations

Hamaker (PP’24): A partial permutation of size m is a pair of m-tuples of distinct
positive integers (A,B), that is

A = (a1, . . . , am), B = (b1, . . . , bm).

A k -extension of a partial permutation (A,B) of size j is a permutation σ ∈ Sk such that

σ(aj ) = bj for each j = 1, . . . ,m.

This is defined for k ≥ m.

A k -completion (A,B)k of a partial permutation (A,B) is the set of all k -extensions of
(A,B).

For example,

((2, 4), (1, 2))4 = {3142, 4132},

((2), (1))4 = {2134, 2143, 3124, 3142, 4123, 4132},

(A,B)k = ∅ for k < max(A ∪ B),

Skip inside parentheses where context is non-ambiguous, e.g. (24, 12)3, (2, 1)4.



Outline Definitions Results Conjectures

Partial permutations

Hamaker (PP’24): A partial permutation of size m is a pair of m-tuples of distinct
positive integers (A,B), that is

A = (a1, . . . , am), B = (b1, . . . , bm).

A k -extension of a partial permutation (A,B) of size j is a permutation σ ∈ Sk such that

σ(aj ) = bj for each j = 1, . . . ,m.

This is defined for k ≥ m.

A k -completion (A,B)k of a partial permutation (A,B) is the set of all k -extensions of
(A,B).

For example,

((2, 4), (1, 2))4 = {3142, 4132},

((2), (1))4 = {2134, 2143, 3124, 3142, 4123, 4132},

(A,B)k = ∅ for k < max(A ∪ B),

Skip inside parentheses where context is non-ambiguous, e.g. (24, 12)3, (2, 1)4.



Outline Definitions Results Conjectures

Partial permutations

Hamaker (PP’24): A partial permutation of size m is a pair of m-tuples of distinct
positive integers (A,B), that is

A = (a1, . . . , am), B = (b1, . . . , bm).

A k -extension of a partial permutation (A,B) of size j is a permutation σ ∈ Sk such that

σ(aj ) = bj for each j = 1, . . . ,m.

This is defined for k ≥ m.

A k -completion (A,B)k of a partial permutation (A,B) is the set of all k -extensions of
(A,B).

For example,

((2, 4), (1, 2))4 = {3142, 4132},

((2), (1))4 = {2134, 2143, 3124, 3142, 4123, 4132},

(A,B)k = ∅ for k < max(A ∪ B),

Skip inside parentheses where context is non-ambiguous, e.g. (24, 12)3, (2, 1)4.



Outline Definitions Results Conjectures

Partial permutations

Hamaker (PP’24): A partial permutation of size m is a pair of m-tuples of distinct
positive integers (A,B), that is

A = (a1, . . . , am), B = (b1, . . . , bm).

A k -extension of a partial permutation (A,B) of size j is a permutation σ ∈ Sk such that

σ(aj ) = bj for each j = 1, . . . ,m.

This is defined for k ≥ m.

A k -completion (A,B)k of a partial permutation (A,B) is the set of all k -extensions of
(A,B).

For example,

((2, 4), (1, 2))4 = {3142, 4132},

((2), (1))4 = {2134, 2143, 3124, 3142, 4123, 4132},

(A,B)k = ∅ for k < max(A ∪ B),

Skip inside parentheses where context is non-ambiguous, e.g. (24, 12)3, (2, 1)4.



Outline Definitions Results Conjectures

Pattern avoidance

A permutation π contains an occurrence (or instance) of pattern σ, there is a
subsequence of π order-isomorphic to σ.

π avoids σ if π does not contain an occurrence of σ.

π avoids a set of patterns S if π avoids every pattern in σ ∈ S.

Denote the set of permutations of size n avoiding a pattern σ (resp. a set of
patterns S) by Avn(σ) (resp. by Avn(S)).

Call sets of patterns S and T Wilf-equivalent if |Avn(S)| = |Avn(T )| for all n ≥ 0,
and denote this by S ∼ T .
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Wilf-equivalence for partial permutations

Call partial permutations (A,B) and (C,D) k -Wilf-equivalent if (A,B)k ∼ (C,D)k .

Call partial permutations (A,B) and (C,D) Wilf-equivalent if (A,B)k ∼ (C,D)k for
all k ≥ max(A ∪ B ∪ C ∪ D). Notation: (A,B) ∼ (C,D).

For example, the following partial permutations are 3-Wilf-equivalent:

(13, 13)3 = (12, 12)3 ∼ (13, 12)3 ∼ (23, 12)3, i.e. 123 ∼ 132 ∼ 312,

(1, 1)3 ∼ (2, 1)3 ∼ (3, 1)3, i.e. (123, 132) ∼ (213, 312) ∼ (231, 321).
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Patterns σ and τ are NE-shape-Wilf-equivalent, denoted σ ∼s τ , if for any fixed
NE-shape Λ, equal number of traversals (or transversals) of Λ avoid σ and τ .
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(NE)-shape-Wilf equivalence
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Patterns σ and τ are NE-shape-Wilf-equivalent, denoted σ ∼s τ , if for any fixed
NE-shape Λ, equal number of traversals (or transversals) of Λ avoid σ and τ .

SW-shape-Wilf-equivalence can be defined similarly, denoted σ ∽s τ
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Previous results for NE-shape-Wilf equivalence

Direct sum ⊕ and skew-sum ⊖:

σ ⊕ τ = σ
τ

σ ⊖ τ =
σ

τ

Backelin, West, Xin, 2007:

S′ ∼s S′′ =⇒ S′ ⊕ S ∼s S′′ ⊕ S, for any sets of patterns S, S′, S′′

Equivalently, S′ ∽s S′′ =⇒ S ⊕ S′ ∽s S ⊕ S′′, for any sets of patterns S, S′, S′′

In ∼s Jn and In ∽s Jn, for the identity In and anti-identity Jn patterns of any size n ≥ 0

This follows from iterating Jn+1 = Jn ⊖ 1 = 1 ⊖ Jn ∼s Jn ⊕ 1 for any n ≥ 0

Bloom, Elizalde, 2014:

(1, 3)3 ∼s (2, 3)3 ∼s (3, 3)3 ∼s (3, 1)3 ∼s (2, 1)3 ∼s (1, 2)3

Equivalently, (3, 1)3 ∽s (2, 1)3 ∽s (1, 1)3 ∽s (1, 3)3 ∽s (3, 2)3 ∽s (2, 3)3
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Results I

Theorem (B.-Han-Kitaev-Zhang, 2024)

(t , 1)k ∽s (1, 1)k for all 1 ≤ t ≤ k, so all (t , 1), t ≥ 1, are SW-shape-Wilf-equivalent.

Proof.

Grow the shape by adding the new bottom row and the column of the new bottom 1.

k − tt − 1

The number of possible insertion cells in a bottom row of length ℓ is min(ℓ, k − 1).

This result was originally stated in terms of partially ordered patterns (POPs).

Corollary

(1t , 12)k ∽s (12, 12)k for all 2 ≤ t ≤ k, so all (1t , 12), t ≥ 2, are
SW-shape-Wilf-equivalent.
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Results II

Theorem

((t , t + 1), (1, 2))k ∼ (12, 12)k for all 1 ≤ t ≤ k − 1, so all ((t , t + 1), (1, 2)), t ≥ 1, are
Wilf-equivalent.

Moreover, for k ≥ 3, |Avn (((t , t + 1), (1, 2))k ) | =
{

n!, if n < k − 3,
(k − 3)!rk−3(n), if n ≥ k − 3,

,

where rk−3(n) is the n-th (k − 3)-Schröder number, the number of Schröder paths
from (0, 0) to (2n, 0) on or above the x-axis with steps U = (1, 1), D = (1,−1), and
steps H = (2, 0) of k − 3 colors.

Proof Sketch.

For σ ∈ Avn (((t , t + 1), (1, 2))k ), consider the top k − 2 values of σ (their order is
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Conjectures

(ij, 12) are Wilf-equivalent for all (i, j) such that i = 1 or j = i ± 1 or j = i ± 2.

(BHKZ’24): (k , 2)k ∽s (k , 1)k , and thus (1k , 13)k ∽s (1k , 12)k for all k ≥ 3.

Proved by Wang and Yan (2025).

For each i ≥ 1, ((j + 1, j + 2, . . . , j + i), (1, 2, . . . , i)) are Wilf-equivalent for all
j ≥ 0.

(135, σ) are 5-Wilf-equivalent for all σ ∈ S3.
Equivalently, (14253, 15243) ∼ (14352, 15342) ∼ (24153, 25143).

(24, 12)4 ∽s (24, 21)4. Equivalently, (3142, 4132) ∽s (3241, 4231).

(134, 123) ∼ (234, 213). Equivalently, (123, 134) ∼ (123, 324).

For 1 ≤ i, j ≤ k , lim
n→∞

n
√

|Avn ((i, j)k ) | = max{|k + 1 − 2i|, |k + 1 − 2j|}.

. . .
. . .. .

.
. .
.

k − 5
k − 3
k − 1



Outline Definitions Results Conjectures

Conjectures

(ij, 12) are Wilf-equivalent for all (i, j) such that i = 1 or j = i ± 1 or j = i ± 2.

(BHKZ’24): (k , 2)k ∽s (k , 1)k , and thus (1k , 13)k ∽s (1k , 12)k for all k ≥ 3.

Proved by Wang and Yan (2025).

For each i ≥ 1, ((j + 1, j + 2, . . . , j + i), (1, 2, . . . , i)) are Wilf-equivalent for all
j ≥ 0.

(135, σ) are 5-Wilf-equivalent for all σ ∈ S3.
Equivalently, (14253, 15243) ∼ (14352, 15342) ∼ (24153, 25143).

(24, 12)4 ∽s (24, 21)4. Equivalently, (3142, 4132) ∽s (3241, 4231).

(134, 123) ∼ (234, 213). Equivalently, (123, 134) ∼ (123, 324).

For 1 ≤ i, j ≤ k , lim
n→∞

n
√

|Avn ((i, j)k ) | = max{|k + 1 − 2i|, |k + 1 − 2j|}.

. . .
. . .. .

.
. .
.

k − 5
k − 3
k − 1



Outline Definitions Results Conjectures

Conjectures

(ij, 12) are Wilf-equivalent for all (i, j) such that i = 1 or j = i ± 1 or j = i ± 2.

(BHKZ’24): (k , 2)k ∽s (k , 1)k , and thus (1k , 13)k ∽s (1k , 12)k for all k ≥ 3.

Proved by Wang and Yan (2025).

For each i ≥ 1, ((j + 1, j + 2, . . . , j + i), (1, 2, . . . , i)) are Wilf-equivalent for all
j ≥ 0.

(135, σ) are 5-Wilf-equivalent for all σ ∈ S3.
Equivalently, (14253, 15243) ∼ (14352, 15342) ∼ (24153, 25143).

(24, 12)4 ∽s (24, 21)4. Equivalently, (3142, 4132) ∽s (3241, 4231).

(134, 123) ∼ (234, 213). Equivalently, (123, 134) ∼ (123, 324).

For 1 ≤ i, j ≤ k , lim
n→∞

n
√

|Avn ((i, j)k ) | = max{|k + 1 − 2i|, |k + 1 − 2j|}.

. . .
. . .. .

.
. .
.

k − 5
k − 3
k − 1



Outline Definitions Results Conjectures

Conjectures

(ij, 12) are Wilf-equivalent for all (i, j) such that i = 1 or j = i ± 1 or j = i ± 2.

(BHKZ’24): (k , 2)k ∽s (k , 1)k , and thus (1k , 13)k ∽s (1k , 12)k for all k ≥ 3.

Proved by Wang and Yan (2025).

For each i ≥ 1, ((j + 1, j + 2, . . . , j + i), (1, 2, . . . , i)) are Wilf-equivalent for all
j ≥ 0.

(135, σ) are 5-Wilf-equivalent for all σ ∈ S3.
Equivalently, (14253, 15243) ∼ (14352, 15342) ∼ (24153, 25143).

(24, 12)4 ∽s (24, 21)4. Equivalently, (3142, 4132) ∽s (3241, 4231).

(134, 123) ∼ (234, 213). Equivalently, (123, 134) ∼ (123, 324).

For 1 ≤ i, j ≤ k , lim
n→∞

n
√

|Avn ((i, j)k ) | = max{|k + 1 − 2i|, |k + 1 − 2j|}.

. . .
. . .. .

.
. .
.

k − 5
k − 3
k − 1



Outline Definitions Results Conjectures

Conjectures

(ij, 12) are Wilf-equivalent for all (i, j) such that i = 1 or j = i ± 1 or j = i ± 2.

(BHKZ’24): (k , 2)k ∽s (k , 1)k , and thus (1k , 13)k ∽s (1k , 12)k for all k ≥ 3.

Proved by Wang and Yan (2025).

For each i ≥ 1, ((j + 1, j + 2, . . . , j + i), (1, 2, . . . , i)) are Wilf-equivalent for all
j ≥ 0.

(135, σ) are 5-Wilf-equivalent for all σ ∈ S3.
Equivalently, (14253, 15243) ∼ (14352, 15342) ∼ (24153, 25143).

(24, 12)4 ∽s (24, 21)4. Equivalently, (3142, 4132) ∽s (3241, 4231).

(134, 123) ∼ (234, 213). Equivalently, (123, 134) ∼ (123, 324).

For 1 ≤ i, j ≤ k , lim
n→∞

n
√

|Avn ((i, j)k ) | = max{|k + 1 − 2i|, |k + 1 − 2j|}.

. . .
. . .. .

.
. .
.

k − 5
k − 3
k − 1



Outline Definitions Results Conjectures

Conjectures

(ij, 12) are Wilf-equivalent for all (i, j) such that i = 1 or j = i ± 1 or j = i ± 2.

(BHKZ’24): (k , 2)k ∽s (k , 1)k , and thus (1k , 13)k ∽s (1k , 12)k for all k ≥ 3.

Proved by Wang and Yan (2025).

For each i ≥ 1, ((j + 1, j + 2, . . . , j + i), (1, 2, . . . , i)) are Wilf-equivalent for all
j ≥ 0.

(135, σ) are 5-Wilf-equivalent for all σ ∈ S3.
Equivalently, (14253, 15243) ∼ (14352, 15342) ∼ (24153, 25143).

(24, 12)4 ∽s (24, 21)4. Equivalently, (3142, 4132) ∽s (3241, 4231).

(134, 123) ∼ (234, 213). Equivalently, (123, 134) ∼ (123, 324).

For 1 ≤ i, j ≤ k , lim
n→∞

n
√

|Avn ((i, j)k ) | = max{|k + 1 − 2i|, |k + 1 − 2j|}.

. . .
. . .. .

.
. .
.

k − 5
k − 3
k − 1



Outline Definitions Results Conjectures

Conjectures

(ij, 12) are Wilf-equivalent for all (i, j) such that i = 1 or j = i ± 1 or j = i ± 2.

(BHKZ’24): (k , 2)k ∽s (k , 1)k , and thus (1k , 13)k ∽s (1k , 12)k for all k ≥ 3.

Proved by Wang and Yan (2025).

For each i ≥ 1, ((j + 1, j + 2, . . . , j + i), (1, 2, . . . , i)) are Wilf-equivalent for all
j ≥ 0.

(135, σ) are 5-Wilf-equivalent for all σ ∈ S3.
Equivalently, (14253, 15243) ∼ (14352, 15342) ∼ (24153, 25143).

(24, 12)4 ∽s (24, 21)4. Equivalently, (3142, 4132) ∽s (3241, 4231).

(134, 123) ∼ (234, 213). Equivalently, (123, 134) ∼ (123, 324).

For 1 ≤ i, j ≤ k , lim
n→∞

n
√

|Avn ((i, j)k ) | = max{|k + 1 − 2i|, |k + 1 − 2j|}.

. . .
. . .. .

.
. .
.

k − 5
k − 3
k − 1



Outline Definitions Results Conjectures

Conjectures

(ij, 12) are Wilf-equivalent for all (i, j) such that i = 1 or j = i ± 1 or j = i ± 2.

(BHKZ’24): (k , 2)k ∽s (k , 1)k , and thus (1k , 13)k ∽s (1k , 12)k for all k ≥ 3.

Proved by Wang and Yan (2025).

For each i ≥ 1, ((j + 1, j + 2, . . . , j + i), (1, 2, . . . , i)) are Wilf-equivalent for all
j ≥ 0.

(135, σ) are 5-Wilf-equivalent for all σ ∈ S3.
Equivalently, (14253, 15243) ∼ (14352, 15342) ∼ (24153, 25143).

(24, 12)4 ∽s (24, 21)4. Equivalently, (3142, 4132) ∽s (3241, 4231).

(134, 123) ∼ (234, 213). Equivalently, (123, 134) ∼ (123, 324).

For 1 ≤ i, j ≤ k , lim
n→∞

n
√

|Avn ((i, j)k ) | = max{|k + 1 − 2i|, |k + 1 − 2j|}.

. . .
. . .. .

.
. .
.

k − 5
k − 3
k − 1



Outline Definitions Results Conjectures

Examples

We know that |Avn((t , 1)k )| = (k − 1)!(k − 1)n−k+1 for 1 ≤ t ≤ k .

Here are more examples for (i, j) with 2 ≤ i, j ≤ k − 1.

|Avn((2, 2)4)| = A128445(n) = 4
(
(n − 2)2 + 1

)
for n ≥ 5.

|Avn((2, 2)5)| = 9
8 A217527(n) = 9

4 A356888(n − 1) = 9
(
(n − 2)2 + 2

)
2n−5 for

n ≥ 6.

|Avn((3, 2)5)| = 4!A221882(n) = 4!
(
(n − 2)2n−4 − (n − 3)

)
for n ≥ 4.

https://oeis.org/A128445
https://oeis.org/A217527
https://oeis.org/A356888
https://oeis.org/A221882
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|Avn((2, 2)4)| = A128445(n) = 4
(
(n − 2)2 + 1

)
for n ≥ 5.

|Avn((2, 2)5)| = 9
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(
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