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Parking functions (Konheim–Weiss)

A parking function of length n is a word α = α1 · · ·αn of positive
integers such that if β = β1 · · ·βn is α sorted weakly increasingly
then βi ≤ i for all i .

Suppose we have n cars that want to park in spots 1, 2, . . . , n on a
1 way street, with car i desiring spot αi .The cars park 1 by 1:

car i takes spot αi , if available

if not, then car i takes spot αi + 1, if available

if αi + 1 is also taken, then it tries to park in spot αi + 2

and so on.

If it runs out of spots, then car i cannot park. If all cars do park,
then α = (α1, . . . , αn) is called a parking function.

α = 22131
car 1 2 3 4 5

parking spot 2 3 1 4 5

K. Celano ℓ-interval parking functions



Parking functions (Konheim–Weiss)

A parking function of length n is a word α = α1 · · ·αn of positive
integers such that if β = β1 · · ·βn is α sorted weakly increasingly
then βi ≤ i for all i .

Suppose we have n cars that want to park in spots 1, 2, . . . , n on a
1 way street, with car i desiring spot αi .

The cars park 1 by 1:

car i takes spot αi , if available

if not, then car i takes spot αi + 1, if available

if αi + 1 is also taken, then it tries to park in spot αi + 2

and so on.

If it runs out of spots, then car i cannot park. If all cars do park,
then α = (α1, . . . , αn) is called a parking function.

α = 22131
car 1 2 3 4 5

parking spot 2 3 1 4 5

K. Celano ℓ-interval parking functions



Parking functions (Konheim–Weiss)

A parking function of length n is a word α = α1 · · ·αn of positive
integers such that if β = β1 · · ·βn is α sorted weakly increasingly
then βi ≤ i for all i .

Suppose we have n cars that want to park in spots 1, 2, . . . , n on a
1 way street, with car i desiring spot αi .The cars park 1 by 1:

car i takes spot αi , if available

if not, then car i takes spot αi + 1, if available

if αi + 1 is also taken, then it tries to park in spot αi + 2

and so on.

If it runs out of spots, then car i cannot park. If all cars do park,
then α = (α1, . . . , αn) is called a parking function.

α = 22131
car 1 2 3 4 5

parking spot 2 3 1 4 5

K. Celano ℓ-interval parking functions



A few basic facts about parking functions

Let PFn be the set of parking functions of length n

PF3 =

123 122 113 112 111
132 212 131 121
213 221 311 211
231
312
321

1 |PFn | = (n + 1)n−1 (Konheim–Weiss ’66).

2 Any rearrangement of a parking function is a parking function.

3 There are Cn = 1
n+1

(2n
n

)
many weakly increasing parking

functions.

4 Every permutation is a parking function.
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ℓ-interval parking functions

The displacement of car i is how far away car i must park from its
desired spot. Let maxdisp(α) be the maximum displacement of a
car of α

α = 22131

car 1 2 3 4 5

parking spot 2 3 1 4 5

displacement 0 1 0 1 4

α is an ℓ-interval parking function if maxdisp(α) ≤ ℓ.

maxdisp

0 123 132 213 231 312 321

1 122 212 221 113 131 313 112

2 121 211 111

Let IPFn(ℓ) be the set of ℓ-interval parking functions of length n.
E.g. IPFn(n − 1) = PFn and IPFn(0) = Sn.
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Goals

Let IPFn(ℓ) be the set of ℓ-interval parking functions of length n.
1 Find formulas for | IPFn(ℓ)|

| IPFn(0)| = |Sn| = n! and
| IPFn(n − 1)| = |PFn | = (n + 1)n−1

2 Study permutation statistics on IPFn(ℓ).

inv and maj equidistribution?
They equidsitributed on Sn = IPFn(0) and PFn = IPFn(n − 1)
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Counting by permutations

Spots permutation spot(α) = σ1 · · ·σn, where σi is the the spot
that car i parked in.

α 2 2 1 3 1

spot(α)i 2 3 1 4 5

disp(α)i 0 1 0 1 4

Note that disp(α)i = spot(α)i − αi

Lℓ(σ; i) := min(ℓ+ 1, σi − t + 1), where t is the smallest number
such that σ−1(j) ≤ i for all t ≤ j ≤ σi

σ 2 3 1 4 5

L0(σ; i) 1 1 1 1 1
L1(σ; i) 1 2 1 2 2
L2(σ; i) 1 2 1 3 3
L3(σ; i) 1 2 1 4 4
L4(σ; i) 1 2 1 4 5
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Counting by permutations

Proposition (CEHHMPU (’25))

| IPFn(ℓ)| =
∑
σ∈Sn

ℓ∏
i=1

Lℓ(σ; i)
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q-Counting by permutations

Let disp(α) =
∑

i dispi (α) and [n]q = 1 + q + · · ·+ qn−1.

Proposition (CEHHMPU (’25))∑
α∈IPFn(ℓ)

qdisp(α) =
∑
σ∈Sn

ℓ∏
i=1

[Lℓ(σ; i)]q
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qt-Counting by permutations

Let disp(α) =
∑

i dispi (α) and [n]q = 1 + q + · · ·+ qn−1. Let
inv(α) be the number of inversions of α

Theorem (CEHHMPU (’25))∑
α∈IPFn(ℓ)

qdisp(α)t inv(spot(α)) =
∑
σ∈Sn

t inv(σ)
ℓ∏

i=1

[Lℓ(σ; i)]q
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qt-Counting by permutations

Let disp(α) =
∑

i dispi (α) and [n]q = 1 + q + · · ·+ qn−1. Let
inv(α) be the number of inversions of α

Theorem (CEHHMPU (’25))∑
α∈IPFn(ℓ)

qdisp(α)tstat(spot(α)) =
∑
σ∈Sn

tstat(σ)
ℓ∏

i=1

[Lℓ(σ; i)]q

Note: inv can be replaced by any permutation statistic stat.
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qt-Counting IPFn(n − 2) in terms of IPFn(n − 1)

Let ℓ = n − 2. Recall PFn = IPFn(n − 1).

Corollary (CEHHMPU (’25))

∑
α∈IPFn(n−2)

qdisp(α)t inv(α) =
∑

α∈PFn

qdisp(α)t inv(α)

− (qt)n−1
∑

β∈PFn−1

qdisp(β)t inv(β)−ones(β),

where ones(β) = |{i ∈ [n − 1] | βi = 1}|.

In particular,

| IPFn(n − 2)| = (n + 1)n−1 − nn−2
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qt-Counting IPFn(1) in terms of IPFn(0)

Let ℓ = 1. Recall Sn = IPFn(0).

Corollary (CEHHMPU (’25))∑
α∈IPFn(1)

qdisp(α)t inv(α) =
∑
σ∈Sn

(1 + q)asc(σ
−1)t inv(σ)

In particular,

| IPFn(1)| =
∑
σ∈Sn

2asc(σ) = Fubn

where Fubn is the n-th Fubini number aka ordered Bell number aka
number of ordered set partitions.
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OSP structure of IPFn(1) (Bradt et al ’24)

The bijection IPFn(1) → OSPn is:

α = 81551247

β = 112|4|55|7|8

B(α) = 256/7/34/8/1

1 Let β be α ∈ IPFn(1) in
increasing order

2 Put separators before each
pos. i such that βi = i .

3 The pos. of elem’s of each
block forms the OSP B(α)

Lemma

inv(α) = #{(i , j) | i > j and i is in earlier block of B than j}

disp(α) = n − (# of blocks of π)
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Consequences of OSP structure (CEHHMPU (’25))

Corollary (q = −1)∑
α∈IPFn(1)

(−1)disp(α)t inv(α) = t(
n
2).

Proof 1 (Algebraic).∑
α∈IPFn(1)

(−1)disp(α)t inv(α) =
∑

σ∈Sn
(1− 1)asc(σ

−1)t inv(σ).

Proof 2 (Combinatorial).

Sign-reversing involution: Let B(α) = B1/B2/ · · · . Select min. k
s.t. either (i) |Bk | ≥ 2, or (ii) |πk | = 1 and minπk < minπk+1. In
(i), break Bk at first element. In (ii) merge Bk and Bk+1.

Can do this for every α except α = w0 (longest permutation).

81551247 7→ 256/7/34/8/1 7→ 2/56/7/34/8/1 7→ 81552247
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Consequences of OSP structure (CEHHMPU (’25))

Corollary (t = ω = e2πi/n)

If ω = e2πi/n, then
∑

α∈IPFn(1)
qdisp(α)ωinv(α) = qn−1.

Proof 1 (Algebraic).∑
α∈IPFn(1)

qdisp(α)ωinv(α) =
∑

σ∈Sn
(1 + q)asc(σ

−1)ωinv(σ).

Then do some computations involving
[ n
c1,...,cℓ

]
t=ω

.

Proof 2 (Combinatorial).

OSPn has Cn = ⟨c | cn = 1⟩-action w/ fixed pt Be = 12 · · · n.

Proof 2 generalizes to show a (graded) “cyclic sieving”∑
α∈IPFn(1)

qdisp(α)(ωj)inv(α) =
∑

π∈OSPn

c j ·π=π

qn−blocks(π).
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Inversion sequences for IPFn(1)

α = 81515247

β = 112|4|55|7|8

L(α) = 000|0|32|0|7

Proposition

IPFn(1) is in bijection with the set of pairs (w , S), where
w ∈ {0} × {0, 1} × · · · × {0, 1, . . . , n − 1} and S ⊇ ASC(w).
Moreover, if α 7→ (w ,S) then inv(α) =

∑n
i=1 wi and

disp(α) = n − |S |.

Ex. (w ,S) = 0000|320|7 7→ α′ = 81515236
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qt-Counting IPFn(2) in terms of IPFn(1)

β ∈ IPFn(1). B = B(β) ∈ OSPn.
S(β) :=

∑
i≥1max(|Bi | − 2, 0)

R(β) := #{Bi | Bi (2) > max(Bi−1)}.

Theorem (CEHHMPU (’25))

∑
α∈IPFn(2)

qdisp(α)t inv(α)

=
∑

β∈IPFn(1)

qdisp(β)t inv(β)(1 + q)S(β)(1 + qt)R(β).

In particular, | IPFn(2)| =
∑

β∈IPFn(1)
2S(β)+R(β).
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Equidistribution

Recall that inv and maj are equidistributed on Sn i.e.∑
σ∈Sn

t inv(σ) =
∑
σ∈Sn

tmaj(σ)

More generally, equidistribution holds for any set of words that is
closed under rearrangements (aka Sn-invariant). Hence,
equidistribution holds for IPFn(n − 1) = PFn.

Question

For what ℓ are inv and maj equidistributed on IPFn(ℓ)?
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Equidistribution

Question

For what ℓ are inv and maj equidistributed on IPFn(ℓ)?

But other IPFn(ℓ) are not Sn-invariant.

α 1 1 2 ∈ IPF3(1)
disp(α)i 0 1 1

but
β 1 2 1 ̸∈ IPF3(1)

disp(β)i 0 0 2

In fact, for ALL 0 < ℓ < n − 1, IPFn(ℓ) is not Sn-invariant.
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Foata transformation

Recall the Foata transformation F : Z∗
>0 → Z∗

>0, which is a
bijection such that maj(w) = inv(F (w)) for words w

w = 6144512

6

6|1
61|4 → 164

1|64|4 → 1464

1|4|64|5 → 14465

14|4|6|5|1 → 414651

41|4651|2 → 1414652 = F (w)
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Foata transformation

Recall the Foata transformation F : Z∗
>0 → Z∗

>0, which is a
bijection such that maj(w) = inv(F (w)) for words w

α = 6144512 ∈ IPF7(2)

6

6|1
61|4 → 164

1|64|4 → 1464

1|4|64|5 → 14465

14|4|6|5|1 → 414651

41|4651|2 → 1414652 = F (α) ∈ IPF7(2)
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Foata invariance

Theorem (CEHHMPU (’25))

For ℓ ∈ {0, 1, 2, n − 2, n − 1}, the Foata transformation
restricts to a bijection IPFn(ℓ) → IPFn(ℓ), and consequently
the inv and maj are equidistributed on IPFn(ℓ).

For 2 < ℓ < n − 2, inv and maj are not equidistributed on
IPFn(ℓ).

In fact, for all 2 < ℓ < n − 2 we can show

#{α ∈ IPFn(ℓ) | inv(α) = 1} > #{α ∈ IPFn(ℓ) | maj(α) = 1}

Note that {0, 1, 2, n − 2, n − 1} is the same set of ℓ for which we

have nice enumerative formulas. Coincidence??? Probably, but still
useful!
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Foata invariance

Lemma

disp(F (α)) = disp(α) for all α ∈ PFn.

Corollary (CEHHMPU (’25))

∑
α∈IPFn(n−2)

qdisp(α)tmaj(α) =
∑

α∈PFn

qdisp(α)tmaj(α)

− (qt)n−1
∑

β∈PFn−1

qdisp(β)tmaj(β)−ones(β)

∑
α∈IPFn(1)

qdisp(α)tmaj(α) =
∑
σ∈Sn

(1 + q)asc(σ
−1)tmaj(σ).

Note: ones(F (β)) = ones(β) and asc(F (σ)−1) = asc(σ−1)
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Foata invariance

Lemma

R(F (β)) = R(β) and S(F (β)) = S(β) for all β ∈ IPFn(1).

Corollary (CEHHMPU (’25))

∑
α∈IPFn(2)

qdisp(α)tmaj(α)

=
∑

β∈IPFn(1)

qdisp(β)tmaj(β)(1 + q)| S(β)|(1 + qt)|R(β)|.

Note: The only proof we know of these formulas are combining the
previous results with the Foata transformation! A direct proof is
unknown.
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Open problems

1 Find formulas for IPFn(ℓ) in terms of IPFn(ℓ± 1).

We conjecture that (| IPFn(ℓ) \ IPFn(ℓ− 1)|)n−1
ℓ=0 is unimodal.

2 Describe a sort of “OSP structure” for IPFn(2)
3 Determine the relation between F (spot(α)) and spot(F (α))

For α ∈ IPFn(1), we conjecture that F (spot(α)) = spot(F (α))
Equality does not hold in general.

4 Explore pattern avoidance for IPFn(1)

Its OSP structure should come in handy.
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Thanks!
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