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Notation

For a, k ≥ 1, we let

Sa≺n
n,k (P)

denote the set of σ ∈ Sn(P) such that:

• σ−1(n)− σ−1(a) = k ,

• σ−1(b)− σ−1(n) > 0 for every b ∈ {1, . . . , a− 1}.



Motivating example: S1≺n
n,k (1324)

For n ≥ 2, there is a bijection between S1≺n
n,1 (1324) and the

set of 1324-avoiding dominoes* with n − 2 points.

*D. Bevan, R. Brignall, A. Elvey Price, J. Pantone, A structural characterisation of

Av(1324) and new bounds on its growth rate, European J. Combin. 88 (2020)

Generating function:

f (x) = x + 2x2 + 6x3 + 22x4 + 91x5 + 408x6 + · · · (A000139)

Bijection:

σ = σL 1n σR 7→
σ−1
R

σ−1
L

where σL and σR avoid 132 and 213, respectively.
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Main results for 1324

Let

Ta,k(x) =
∞∑

n=k+1

|Sa≺n
n,k (1324)|xn and ga(x , t) =

∞∑
k=1

tkTa,k(x),

• T1,k(x) = xf (x)k and g1(x , t) =
xtf (x)

1− tf (x)
.

• T2,1(x) =
1
2x

2 d
dxT1,1(x) and

T2,k(x) = x2f (x)k + kf (x)k−1
(
T2,1(x)− x2f (x)

)
.

• g2(x , t) =
1
2

(
x2 ∂g1∂x (x , t)− g1(x , t)

2
)
.



Conjecture

For k ≥ a, we have the equivalent formulas:

(i)
k∑

j=0
(−1)j

(k
j

)
f (x)jTa,k−j = 0.

(ii) Ta,k(x) =
a−1∑
j=0

(k
j

)
f (x)k−j

j∑
i=0

(−1)i
(j
i

)
f (x)iTa,j−i (x).

Why is this relevant? If G (x) =
∞∑
n=1

|Sn(1324)|xn, then

G (x) =
1

1− x

(
x +

∞∑
a=1

ga(x , 1)

)
.
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Proof of concept: Separable permutations

Let

S(x) = 1 + x + 2x2 + 6x3 + 22x4 + 90x5 + · · ·

be the generating function for |Sn(2413, 3142)|, and let

Sℓ 7→1
n = {σ ∈ Sn(2413, 3142) : σ(ℓ) = 1}.

Proposition

The function g(x , u) =
∞∑
n=1

n∑
ℓ=1

|Sℓ7→1
n | uℓxn satisfies

g(x , u) =
xuS(x)S(xu)

S(x) + S(xu)− S(x)S(xu)
.



Proof

1. Indecomposable/decomposable

• g(x , u) = (xu + gi (x , u))S(x)

• gd(x , u) = (xu + gi (x , u))(S(x)− 1) g̃i

2. Involution from reverse map

• g(x , u) = ug(xu, 1
u )

• gd(x , u) = ugi (xu,
1
u ) (separable)

3. Some basic algebra. . .

g(x , u) = ug(xu, 1u ) = (xu + ugi (xu,
1
u ))S(xu)

= (xu + gd(x , u))S(xu)

= (xu + (xu + gi (x , u))(S(x)− 1))S(xu)

leads to

gi (x , u) =
xuS(x)(S(xu)− 1)

S(x) + S(xu)− S(x)S(xu)
.
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Bonus

We just proved that

g(x , u) =
xuS(x)S(xu)

S(x) + S(xu)− S(x)S(xu)
.

If we let u = 1, then

S(x)− 1 =
xS(x)S(x)

S(x) + S(x)− S(x)S(x)
=

xS(x)

2− S(x)
,

which leads to S(x) = 1
2

(
3− x −

√
1− 6x + x2

)
.
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Enumeration by relative position

Theorem

For f (x , t) =
∑

n,k≥1

|S1≺n
n,k (2413, 3142)|tkxn, we have

f (x , t) =
x2tS(x)S(xt)2(

S(xt) + S(x)− S(xt)S(x)
)2 .



Sketch of proof

1

n

g̃i (xt,
1
t )

S(xt)

g̃i (x , t)

f (x , t) =
(
x + gi (xt,

1
t )
)
S(xt)

(
xt + gi (x , t)

)
.

gi (x , u) =
xuS(x)(S(xu)−1)

S(x)+S(xu)−S(x)S(xu)
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2413-property and corollary

For a > 1, any σ ∈ Sa≺n
n,k (2413) must be of the form σ = π ⊖ τ ,

where π ∈ S1≺m
m,k (2413) with m = n − a+ 1, and τ ∈ Sa−1(2413).

a

n

Corollary

If F (x , t, s) =
∑

n,k,a≥1

|Sa≺n
n,k (2413, 3142)|tksaxn, then

F (x , t, s) = f (x , t) · sS(xs).

Note that 3142 is skew indecomposable!
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Open problems

▷ Enumeration of Sa≺n
n (1324) for a ≥ 3

▷ Enumeration of 2413 by the position of the 1

▷ Positional statistics for Baxter permutations

▷ Positional statistics for patterns of size 4

▷ Positional statistics for pair of patterns of size 4
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Thank you!


