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Introduction

@ Hamaker, Pawlowski, and Sagan (2019) investigated a
certain quasisymmetric function indexed by descent sets of
permutations in avoidance classes.

@ They determined for which subsets of &3 this function is
symmetric and Schur-positive, and provided several
conjectures.

@ Bloom and Sagan (2020) introduced partial shuffles to
prove one of these conjectures.
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Partial shuffle definition

ForteN,let[(] ={1,2,...,¢). Pickae[{]and bwitha+ b = ¢.

Definition

The partial shuffle M(a, b) is the set of permutations of [¢] where
every element except ais increasing, excluding the strictly
increasing permutation 12...¢.

Let =5 and a= 3. Then

M(3,2) = {1245 w 3} — 12345
= {12453, 12435, 13245, 31245}

\
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Examples of partial shuffles

|_|(5,0) .... .... .... : ...
n(4.1)
n(.2)
n(2.9)
n(.5)

Figure: The five partial shuffles of length 5
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A family of Wilf-equivalences

Theorem (Bloom & Sagan 2019, Albert & Searles & SH 2025+)

Ifa+ b= c+d, then

Av(MN(a, b)) is Wilf-equivalent to Av(I(c, d)).

@ We expand on the existing proof of this result.

@ We define an invertible map S, which "rotates" elements
within an interval in the permutation.

@ lterating S sends permutations in Av(l(a, b)) to
permutations in Av(M(a—1,b+ 1))
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Example of the map S

Consider the permutation = = 5314267, which avoids
M(4,0) = {1243,1423,4123}.
It contains 3124,1324 € (3, 1).

= ¢ Av(M(3,1))
¢ e Av(M(4,0))
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Example of the map S

Consider the permutation = = 5314267, which avoids
M(4,0) = {1243,1423,4123}.
It contains 3124,1324 € (3, 1).

= | ®3 ¢ Av(N(3,1))
*3 € Av(1(4,0))
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Example of the map S

Consider the permutation = = 5314267, which avoids
M(4,0) = {1243,1423,4123}.
It contains 3124,1324 € (3, 1).

S(n) = ¢ Av(1(3,1))
¢ ¢ Av(N(4,0))
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Example of the map S

Consider the permutation = = 5314267, which avoids
M(4,0) = {1243,1423,4123}.
It contains 3124,1324 € (3, 1).

S(n) = ¢ Av(1(3,1))
° ¢ Av(N(4,0))
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Example of the map S

Consider the permutation = = 5314267, which avoids
M(4,0) = {1243,1423,4123}.
It contains 3124,1324 € (3, 1).

Sy — o3 ¢ Av(M1(3,1))
(7) ----@83------- -1 ¢ Av(N(4,0))
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Example of the map S

Consider the permutation = = 5314267, which avoids
MN(4,0) = {1243,1423,4123).
It contains 3124,1324 € 1(3, 1).

__.. ________________
°
sSay=1 * .. €Av(NE1)
. ¢ Av(l(4,0))
°
°
This map is
@ Injective
@ Invertible
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Adding descending permutations

Theorem (Albert & Searles & SH, 2025+)

The length of the longest decreasing subpermutation in both n
and S(n) is the same.

Ifa+b=c+d,thenl(a b)uUd, andT(c,d) U s, are
Wilf-equivalent.
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Peg Permutations

Theorem (Huczynska & Vatter, 2006, Albert et al, 2013.)

Avoiding arbitrarily long permutations of these forms ensures
the class is enumerated by a polynomial for sufficiently large n.

Vatter and Homberger (2016) introduce peg permutations, a
way of decorating permutations which may be inflated with
arbitrarily long monotone permutations, single elements, or
empty permutations. Useful to enumerate polynomial classes!

Matt Slattery-Holmes Extending Wilf-Equivalence Results Among Partial Shuffles



Enumerative Result

Proposition (Albert & Searles & SH 2025+)

Fora+ b= t¢andk > 1, #Avy(N(a,b) U éx) is a polynomial in
n, with degree (¢ - 2)(k - 2).

Sketch of proof:

@ Consider a +-irreducible peg permutation representing
elements of the class Av(I1(¢,0) U 6k).

Can only arbitrarily inflate LR maxima which are above all
non-LR maxima (maximal LR maxima).

Non-LR maxima must avoid 6x_4 and also ¢;_1.

Erd6s—Szekeres: at most (k — 2)(¢ — 2) of these, so at
most (k — 2)(¢ —2) + 1 arbitrary inflations.

Upper bound of (k — 2)(¢ — 2) on degree.
Show that bound can be achieved.

O
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~

Figure: A +-irreducible peg permutation (573%614®7+19872991)
which lies in Av(I(4,0) U ds) = Av(1243,1423,4123,4321).
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Interlude

The number of sequences aiao ... ax_1ax of length k such that

for allj < k,
Za,- <j

i<j

is given by Cx, the k' Catalan number.

The sequences of length 3 are 000,001,010,011, and 002.
(C3 =9).
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Catalan leading term

Proposition (Albert & Searles & SH 2025+)

For¢t=a-+b>3:

#Av,(M(a, b) U d3) has leading term Cg_g( p ? 2).

Sketch of proof.

@ From previous theorem, leading term is af,",).

@ Count peg permutations as in previous theorem, which
contribute to maximal degree term (i.e. have
(¢-2)(k-2)+1:=¢-1maximal LR maxima.

@ Separated by ¢ — 2 increasing elements.

@ Number of ways to place non-maximal LR maxima gives
the sequence from the previous lemma.

O

v
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Let £ = 5. Then, consider the ways to create a peg permutation
for the class Av(I1(5,0) U 43).

Oorlor2
Oor1
0

Figure: Generic element in
Av(M(5,0) U d3) = Av(12354, 12534, 15234,51234,321).
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A conjectured closed form

Conjecture (Albert & Searles & SH 2025+)
For¢t=a+b>3andn>¢,

#an(N(ab)von) = Ceol, ") 3 Tean,_5_ )

1<h<n-2 (-3

2p q
where Tpq = qz( ) (OEIS sequence A033184, Transposed

Catalan Trlangle)

.
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What about riffle-shuffles?

Letp e &5 and o € Sp. Then p w o is the set of permutations
7 € S4yp Such that 7 consists of two subpermutations, which

are order isomorphic to p and o
v

Shuffles of 123 with 21:

12354, 12534, 15234, 51234, 12543,
15243, 51243, 15423, 51423, 54123.

We define the shuffle of two avoidance class bases M4 and >
to be

Mwlls ={rwo:melly,o ell}
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Riffle-shuffles of avoidance class bases

Theorem (Albert & Searles & SH 2025+)

Let A(x) and B(x) be the exponential generating functions that
count elements of Av(A) and Av(B) respectively. Then, the
exponential generating function for Av(C) := Av(Aw B) is

A(x) + B(x) + (x = 1)A(x)B(x). )
Av(12) has exponential generating function e* and
Av(123,132) has e.g.f €5 so

e*+1  (x-1)(e*+¢)

Av(12w{123,132)) = & + —— + >
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Sketch of proof

bn-k-1 € Av(B)

ax € Av(A)

|

¢ Av(A)

@ Av(A),Av(B) c Av(Aw B).

@ If smallest k elements in Av(A), add an
element to get something not in Av(A)
in (k+ 1)akx — ax+1 ways.

@ Above this, b,_k_1 subpermutations,
position these in (,,_7_,) = (1) ways.

@ Summing over k gives

n-1

n
Cn=an+ ((k+ 1 )ak_ak+1)bn—k—1( )
= k+1

@ Divide through by n!, distribute
denominator of binomial term:

@:@Jrnz_i A k1 bn-k-1 '
ntn A k! (k+1))(n-k-1)!
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